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1. Synthetic Statement of the Results 

Theorem 1.1. Let C be an arbitrary local Levi nondegenerate 
smooth real 3-dimensional hypersurface of£? which is represented in coordinates 
[z, w) = (x + iy, u + iv) as a graph: 

V = ip{x, y, ti) = + + 0(3), 

and whose complex tangent bundle T'^M = KeT^'^M is generated by the two 
explicit intrinsic vector fields: 

Hi:=l+{^-^)l and := | + (^^f^) I,, 

satisfying Hi\q = and i^2|o = ^lo' introduce the three 'lo^ -smooth func- 
tions: 

A:=l + vJ^, Ai := ipy - ipu, K2 := - ^Px - ^u-, 
so that: 

consider the third, Levi form-type Lie-bracket vector field: 

(1 1 r 2 2 

2 2 1 \ ^ 

-\-2ipyLPu (fyu + '2'(Px<Pu <PXU - ^XX " ^yy I j ^ ' 
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satisfying T^^ = — which produces, jointly with Hi and H2 of which it is 
locally linearly independent, a frame for TM in a neighborhood of the origin; 
introduce the '^'^ -smooth function: 

■= -^xx - 'Pyy - 2 (^y (fxu - fl fuu + '^'^x fyu - fl 'Puu + 

2 2 

+ 2ipy(pu iPyu + 2 (fx ^Pu ^XU - ^XX " V'u V^J/y ) 

which specifies the numerator of the Levi form-type Lie-bracket: 

allow the two notational coincidences: xi = x, X2 = y; introduce the two length- 
three brackets: 

[Hi, T] = i [Hi,[Hi,H2]] =: <I>.T (i = i,2), 

which are both multiples ofT by means of two functions: 

whose numerators are explicitly given by: 

Ai := A^T^, + A(-2A^^T + AiT„-TA,,„) -AiTA„ {i = i,2); 

introduce furthermore the following 4 + 8+16 iterated brackets for i, ki,k2,k^ = 
1,2: 

[Hk„ [H^,T]]=\ [Hk„ [H,, [Hi^H^]]] 
[Hu,, [Hk„ [H^,T]]\=\ [Hk„ [Hk,, [i/i,i/2]]]] 
[fffe3, [Hk,, [Hk„ [H^,T]\]\=\ [Hk,, [i/fc,, [fffc,, [H,, [i?i,i72]]]]], 
up to length 6 that are all multiples ofT: 

[Hu,.,[Hi.,T]] = (//fci($0 + $,$fcjr, 
[fffc,, [Hk,., [Hi, T]]] = + *fci + *i^^fe2(*fci)+ 

[i/fc3, [m„ [Hk„ [H,, T]]]] = {Hk:,{Hk,,{HkA^^))) + <^k,Hk,{Hu^{^,)) + ^,Hk^{Hk^{^k,))+ 

+ Hfe3(iffc,($0) + ^HHk,{Hk,m)+ 

+ i?fe3 ) Hfc, + i/fe3 (4>i) Hfc, ) + Hfe3 ) Hk, ($i) + 

+ $fci#fe2 7i"fc3($i) + $i $fc2/ffc3($fcj + -I-i $fciHfe3($fe2) + 
+ $fci$fc3ii"fc2($i) + $i <l'fe3Hfc2($fcJ + <l'fc2$fe3^^fei($i) + 
+ $, $fei<l'fc,CE'fc3)r 

a?i<i /« f/je expressions of which the H^-iterated derivatives of the functions up 
to order 3; 

HkA^i) = ^^ (i,fcl = l,2), 
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have numerators Ai^ki> Ai,ki,k2' ^iMM-ks ^^^f ^''^ certain differential polynomials 
whose completely explicit expressions in terms of the jets J^^y^u^, Jx,y,u^' '^x,y,u^ 
of the graphing function ip{x,y,u) of orders 4, 5, 6 (respectively) are provided 
through the induction formulas: 

yl,,fe, := A" (T A,,,,^ - T,,^ yl,) + A ( - 2 A,,^ T yl, + T Afe, - T„ A^, A,) - 

-2AuTAfcjAi (i,fei = i,2), 

A,,fe,,fe, := A^(TA,fei,,,^ -2T,fc^ A,fcJ + A(-3A,,^ T A,,k, +TAfc, A,,fe,,„- 

- 2 T„ Afe2 A,,fei) - 3 A„ T Afe2 A^^ki (i, fci, ^2 = 1,2), 

- 3Tu Afc3 Ai.fej.fej) — 6 A„ T Ak^ Ai^-^^^ (»■ fci, '=2. fcs = 1. 2). 

r/ie?i (/zr^f, preliminary effective assertion): these iterated derivatives identically 
satisfy: 

i72($l) =i^l(*2), 

together with the following four third-order relations: 

= - Hi{H2{Hi{'S>2))) + 2iJ2(i^l(i?l($2))) - i/2(i^2(i?l($l)))- 

- $2i?l(i?2(*l)) + *2i?2(/^l($l)), 

= - H2{Hi{Hi{<^>2))) + 2Hi{H2{Hi{<i>2))) - Fi(i/i(i?2($2)))- 

^ $lF2(fl'l(*2))+$li/l(if2($2)), 

= - ii-i(i/i(i/i($2))) + 2 i/i(i/2(i^l(*l))) - i?2(i/l(i^l($l))) + 
+ $1 Fi(i/i($2)) - $1 i/2(ii'l($l)), 

= if2 (i?2 (i^l ( $2 ) ) ) - 2 if2 (i^l (i/2 (*2 ) ) ) + i^l (i^2 (i?2 ($2 ) ) ) - 
- $2iJ2(i?l($2))+*2-ffl(ir2($2)). 

Moreover ( second, well known effective assertion ), the model Heisenberg sphere 
C whose graphing function simply has no 0(3) remainder: 

2 2 
V = X + y 

possesses an eight-dimensional graded Lie algebra: 

f)0[(BI^) = {)_2 e f)-l © f)0 © f)l © f)2 

of (local or global) holomorphic vector fields X whose real parts ^(X + X) are 
tangent to it, having components: 

()_2 = MT, f)_i=MHi©MH2 
flo = KD©MR, 
1)1 =]Rli ©RI2, f)2 = MJ. 
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where: 

i)-2: {T:=a 

f)i: 



Hi := dz + 2iz dw 
H2 ■.= idz + 2z du 



zdz + 2w dw 
iz dz 

2 



w + 2iz ) ^2 + 2izw du 
iw + 2z'^) dz + 2zw du, 



\)2: {J := zwdz + nP' du 



and these eight holomorphic fields enjoy the following commutator table with real 
(in fact, integer) structure constants: 
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0. 


main effective assertion), to any strongly pseudoconvex 



is uniquely associated an effective local Cartan connection: 

io: — >s 

on the local principal bundle: 

:= X 

which is the Cartesian product of M with the unique ( connected and simply con- 
nected) local 5-dimensional Lie group H equipped with some 5 real coordinates: 

{a,b,c,d,e) G M^, 

that is associated to the isotropy Lie subalgebra: 

[)or(H^O) = MDeRReMli 



of the origin G H'^; this Cartan connection u: 
eight-dimensional abstract real Lie algebra: 



Q is valued in the 



g := MteMhi ©Mh2 ©Md ©Mr©Mii ©]Ri2 eMj 
spanned by some eight abstract vectors enjoying the same commutator table: 
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0; 



this Cartan connection lo: Tl^ — > g is normal and regular in the sense ofTanaka 
('HIO, ^J\below), and if one denotes the Lie algebra of H by: 

{) := Md eMreMii eRia eMj, 

with corresponding five left-invariant vector fields on H of the form: 



D 




d 
db 


^ dc 


" dd 


R 




d 
db 


+ dWe 


^ dd 


h 


da de 








h 










J 


. 1 d 
■~ 2 de 









near the origin (ao, 6o> cq, do, cq) := (0, 0, 1, 1, 0), then the curvature function: 

of the Cartan connection oj: 1^ — )■ g, a function k{p) of the eight real variables: 

3 p:= [x, y, u, a, b, c, d,e) e x H 
has an algebraic expression which reduces to: 

f^ip) = K^il\p) h*i A t* il + K^^\p) h*i A t* i2 + K^if{p) h*2 A t* ii + 
+ h^ A t* i2 + Kf\p) A t* j + Kf\p) h*2 A t* C5 j, 

where the two main curvature coefficients are explicitly given by: 

fhl'ip) = - Ai - 2 A4 c^rf - 2 A4 ccP + Ai d^, 
= - A4 + 2 Ai c^d + 2 Ai cff + A4 (f, 
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in which the two functions Ai and A4 of only the three variables {x,y,u) are 
explicitly given by the symmetric expressions: 

Ai = - H2{H2{H2{^2))) + ll//l(//2(//l($2))) - llH2{Hi{H2{^l))) + 

+ 6$2 H2{Hi{^i)) - 6$! Hi(H2{^2)) -3^2 Hi{Hi{^2)) + S^i H2{H2{^i))- 

- 3<&l Hi(Hi{^i)) + 3$2 H2{H2{^2)) " 2$i + 2$2 H2(-1'2)- 

- 2 ($2)' f/i(cE.i) + 2 ff2($2) - 2 ($2)' f/2(<E'2) + 2 , 

A4 = [- 3H2{Hi{H2{^2)))-SHi{H2{Hi{$i))) + 5Hi{H2{H2{^2))) + 5H2{Hi{Hi($i)))+ 

+ 4$iHi(Hi($2))+4$2-ff2(i^l(*2)) -3$2 -ffl(-ffl(<E'l)) -3*li^2(//2($2))- 

- 7-l>2Hl(i^2($2)) -7$lff2(^^l($l)) -2//i($i)/fi($2) -2//2(<E'2)H2(<E'l) + 

+ 4$icE>2 Hi{^i) +4$i$2-H'2($2)j, 
and where the remaining four secondary curvature coefficients are given by: 

^h2t _ hit 

h2t _ _ hit 
12 ii ' 

if one denotes the eight constant vector fields on ^ associated to the Cartan con- 
nection by: 

f:=w"i(t), ^1 :=L^"i(hi), H2:=oo-\U2), 

furthermore and for completeness, the 22 coefficients a,, of these eight constant 
fields with respect to the frame {T, Hi, H2, D, R, Ii,l2, J} on ^: 

T ^ attT + athi Hi + ath2 H2 + atdD+atrR+ au^ h + au^ I2 + atj J 
Hi — ahihi Hi + ahih2 H2 + an^d D + Uh^r R + Qhin h + Ohiia + Qfeii J 

H2 = an^hi Hi + 0^2/12 H2 + cxh^d D + au^r R + cxh^ii Ii + 0)1212 I2 + Q''2i J 

D= D 

R= R 

Ti = h 

j= J 

are given, in terms of the five variables (a, 6, c, d, e) of the structure group H of 
the principal bundle ^ and in terms of the Hk-derivatives (up to order 3j of the 
fundamental coefficient functions <^>j, explicitly by: 

att — c? + , athi—bd — ac, ath2 = —ad — be, ah^hi = c, 

(Xhih2 ~ d, ah2hi = "h2'»2 ~ "^1 

Ohid = -26 + |$ic + i$2d, ah2d = 2a + i<I>2C - i<E>id, 
Oihir = -6a - i<I>2C + ^$id, ah2r = -66 + ^$ic + i<l>2d, 
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atd = I (fed - ac)^i ~ |<E>2(&c + ad)$2 - 2e, 

atr = 3^(^^l($l)^^2($2))c' + 3^(i?i($i) + i?2($2))d' - + fc)*! + " M)$2 + Sa' + 36^ 

Ofiin = IC"^ + ac)<l>i — |(&c — ad)$2 — 4a6 — 2e, 

a^iia = + ^2($2))c^ + + H2{^2))<f + i(6c - ad)$i + i(ac + 6d)$2 + 3a' - 6^ 

ah,^, = + i?2(-I'2))c' - + //2(-l'2))d' + |(6c - ad)$i + i(ac + 6d)$2 + a' - 3fe', 

Qh2i2 = ^K^c + 6d)$i - i(ad — 6c)<I>2 + 4a6 - 2e, 

= ife [ - H2{H2{^2)) + Hl($i)$2 - 5J/2(i^l($l)) + //2($2)$2 + 4Jfi (Jfi ($2 ))] + 
+ ife [4i?2(iri($2)) + H2($2)$l - Hi{Hi{$i)) - 5//i(//2(<E.2)) + ffl($l)<l'l]c'V 
+ ife [4J?2(//i($2)) + //2(*2)*1 - 1/1(1/1 (4>l)) - 5//i(//2(<E'2)) + l/l($l)<E>l]cd" + 
+ ^ [H2i<S>2) + i/l($l)]6c' + lk[~ H2{H2{^2)) + //l($l)$2 - 5J/2(Hl($i)) + 
+ J/2(3>2)3>2 + 4Hi(ifi($2))]c'd + i [i/2('l>2) + f/l<l'l]M'' + 

+ 1 [ - $ia'c + 46=^ - $i6'c + 4ba' - $2b'd - ^2ad\ , 

au, = ife [ - H2{H2{$2)) + //l(*l)$2 - 5ff2(//l(*l)) + H2($2)$2 + 4//i (Hi ($2 ) )] c^* ^ 

- ^ [f/l($i) + //2($2)]ac" - ^ [i/l($l) + i/2('l>2)]ad' + ife [ - H2{H2i$2)) + //l($l)$2- 
^ 5//2(//l($l)) + i/2(-I'2)-I'2 + 4i/i(i/i(<l>2))]cd" + ife [ - 4//2(//i($2)) " //l($l)$l- 

- ff2($2)*l + 5Hi{H2{$2)) + Hi{Hi{$i))] + ^ [ - 4H2{Hi{$2)) - /?l($l)*l - /?2($2)$1 + 

+ 5Hi(H2($2)) + i/i(i/i(-l'i))] d^ - i [$2a^c + $2&'c - -J-ifo'd $ia'd - 4a&' + 4a''] , 

"^hiJ = cfe [ - H2{H2i$2) + /?2(-I>2)-I>2 + //l($l)$2 + 7i?2 (i?l ("l-l )) - 8i?l (ffl ($2))] " 

+ ^ [ - //i($i)$i + 8H2{Hi{^2)) - 7Hi{H2{^2)) - H2($2)$i + Hi{Hi{$i))]c^d+ 

+ i [ - H2{H2{$2)) + //2($2)4'2 + //l($l)$2 + ^//2(Hl($l)) - 8H1 (i/l ($2 ))] cd" + 
+ i [ - //i($i)$i + SH2{Hi{^2)) - 7Hi{H2{^2)) - i/2(4'2)$l + //l(i/l($l))]d=*- 

- I [//2($2) + //i($i)]ac' - I [^^2(^2) + ffi($i)]ad' - $2a'c - $2fe'c + 2$ice- 

- 8be + 2$2de + $ife'rf + $ia'd - 4afe' - 4a^, 

Oh,, = Tij[-i/l($l)$l +8H2(Hl('l>2)) -7i/l(H2($2)) -H2($2)$l +i/l(//l($i))]c' + 

- I [H2{$2) + H^{^i)\hcF + [ - //2(*2)$2 - i/l($l)$2 + H2{H2{^2)) + 8ffl (ffl ($2)) " 

- 7H2(Hi($i))]d=' - 1 [//2(-l'2) + //l($l)]&c" + ji, [ - i?l($l)$l + 8H2{Hi{<S>2))- 

- 7Hi{H2{^2)) - H2{^2)^1 + H^(Hl{^l))\cd' + i [ - i/2($2)-I'2 - i/l($l)$2 + i/2(i/2(-I'2)) + 

+ 8//i(f/i($2)) - 7//2(-ffi('l>i))] c'd + $ia'c - 2<E>ide + <E'2&'d + $2a'd + 8ae4fe^ + $i&'c- 
-4a'6 + 2$2ce, 

atj = 3a* + 36* - 4e' - <E>ia'6c + ca<E>26' - $ia6'd - $2a'6d - 2<E>2&ce - 2<E>iace - 2$2ade + 2$i6de- 

- $ia=*d + $2a='c - <E>i6=*c - $2b-'d + 6a'6' + [^Hi{<i>i) + ^_H'2($2)]6'd' + 

+ [ - ^iJ2($2)iJl($l) - ^//i(Hl($l))<E.l - ^H2{<1>2') + ^$22iJ2($2) - ^Hl($?) + 

+ 3|^$2;/^(<j,^) + i.H,{H2{H,{'i>2))) + ^H2{H2{H2{^2))) + ^H^{H^(H^(<i>^))) + ^$2'i/i($i)- 

- T|2^2(i/2($2))$2 + ^i/2(Hi(//i($2))) + ^^2 (i/l ($1 ))$2 " ^$1^2 (Hi ($2)) + 3^4 $i'H2($2)- 

- 3|3H2(H2(Hi(c&i))) + ^Hi(H2($2))$l - 3|jHl(Hl(H2(4>2))) " ^$2^1 (Hi ($2))] d* + 

+ [ - ^H2($2)Hi($i) - ^H2(H2(Hi(c&i))) + ^H2iH2{H2{^2))) + ^Hi(Hi(Hi(<J>i)))+ 
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+ _ - i$2i/l(Hl($2)) - J^H2{$1) + ^i/2(//i($l))$2 - + 

+ t|2*?^2(*2) + lh^lHl{<i>l) - 2^$li/2(i/l($2)) + ^ir2(//l(i?l($2)))]c'd' + [ " g^iJl (iJl ($1 )) + 

+ ^H2($2)$l - 3^JYl(H2($2)) + iffl($l)$l]6cd' + [;ii^2(/^l(*l)) + ;i^i'2 (i^2 ($2)) " 

- ^i?2($2)$2 - j^Hi{$i)$2]acd^ + [ - + i//2(<E'2)<E'l - ;ii?l(i?2(-I'2)) + 

+ ^//i($i)$i]ad''' + [J5//2(i/i($i)) + ^H2{H2{$2)) - ^2^2(^2)^2 - 3^i/i($i)$2]ac=' + 

+ ^ + //2($2)]a'd' + 3^ [H2{$2)^2 - H2{Hi{<S>i)) ~ H2{H2{$2)) + i/l($l)$2]M' + 

+ [- 3^//l(J/l($l)) + ^H2{^2)<S>1 - J^Hl{H2{^2)) + 3^//l($l)$l]6c'V 

+ A + //2($2)]a'c" + ^ + H2{^2)] b^C^ + ^ [i^2(<&2)<&2 " i?2 ($1 )) - 

- H2{H2{^2)) + Hi{^i)^2]dbc^ + ^ [ - + //2($2)$i - Hi{H2{^2)) + Hi{^i)^i]ad' d+ 

+ [ - ^iJ2($2);/l($l) - ^i/l(iJl($l))<E.l - S^Ii^i^^} + ^$lH2{^2) - ^Hi{$l) + 

+ + ±H^{H2{H^{<S>2))) + ^H2{H2{H2{'S>2))) + ^H^{H^{H^{<f-,))) + ^^Ih^{^,)- 

- Ti2^2(i/2($2))$2 + ^^H2{H^{H^{^2))) + ^^2 (iJl ($1 ))$2 - $li/2 (i/l ($2 ) ) + gfj 

- ^^H2{H2{H,{^,))) + JjHi(H2(<J>2))$l - 3|3i/l(i/l(i/2($2))) " ^$2^1 (f/i ($2 ))] C^ 

For a conceptional, motivational and historical introduction to the domain that 
it would be quite useless to reproduce here, the reader is referred to the excellent 
expository article ((Ml) by Vladimir Ezhov, Ben McLaughlin and Gerd Schmalz 
which appeared recently in the Notices of the American Mathematical Society. By 
performing the above choice {Hi ,H2,T} of an initial frame for TM which is ex- 
plicit in terms of the graphing function ip{x,y,u), we deviate from the initial nor- 
malization made in |[T4l (with a more geometric-minded approach), our computa- 
tional objective being to provide a Cartan-Tanaka connection all elements of which 
ai^e completely effective in terms of ip{x, y, u) — assuming only ^^-smoothness 



of M. 



It took about fifteen years (between 1810 and 1826) to Gauss to derive what 
he considered to be a completely convincing proof that the (Gaussian) curvature 
K = k{u, v) of a surface equipped with a metric: 

ds^ = E{u, v) dv? + 2F{u, v) dudv + v) dv^ 



is a completely intrinsic invariant through infinitesimal isometrics because it ex- 
presses {Theorema Egregium, [il5il ) for any surface as the following explicit ra- 
tional differential in the second-order jet of the three elements E, F, G, as Gauss 
showed: 




du dv dv du dv dv du dv du du 



dE dG_ ,^dE_ d£_^dE_ dE_ 



du du du dv dv dv 
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However, for what is commonly considered to constitute the simplest instance 
of Cauchy-Riemann geometry, namely for the case of (embedded) Levi nondegen- 
erate real hypersurfaces C C^, what would correspond to the above, formula 
egregia concerning CR curvature seems not to have yet ever been achieved, per- 
haps due to the fact that in modern differential geometry — and in Cartan's theory 
of the problem of equivalence as well — , the causality of 'intrinsic-ness' never 
relies upon some elimination computations (Gauss' proof), but it is set ab initio in 
theories. Nonetheless, a foMore yet unresolved question seems to remain: can one 
characterize the vanishing of cui-vature explicitly in teniis of ip{x, y, u)l 

Corollary 1.1. The local biholomorphic equivalence to the Heisenberg sphere: 
v' = x'^+y'^ of an arbitrary real analytic Levi nondegenerate hypersurface Afi C 
represented as a graph of the form: 

V = ip{x,y,u) 

with (fxx (0) + ^yy (0) 7^ is explicitly characterized by the identical vanishing: 

= Ai = A4, 

of the two main functions of {x,y,u) appearing in the curvature function of the 
above effective Cartan-Tanaka connection. □ 

Of course, thanks to our extensive theorem stated in length, expansions of 
these two principal functions Ai and A4 can straightforwardly be achieved on 
a computer by just applying the induction formulas to which the numerators 
Ai, Ai^ki, A,kiM' "^iMMM of the above fundamental functions Hk^{^i), 
Hk2{Hki{^i)), H}^.j^{Hk,^{Hi^-^{^i))) are subjected. As a mathematically satis- 
factory fact, the numerators of both expressions of Ai and A4 then become a 
completely explicit differential polynomial in the sixth-order jet J^^y^uV of the 
graphing function (the same can be done of course for the functions a., too). But 
their prohibitive lengths — neai^ly one thousand pages long on a computer, not 
copied in this file — presumably explain why no reference in the literature 
{cf e.g. ||9l[l0l[II][ll[l9l|201 1211291) succeeded to be fully effective on the topic, 
whence unexpectedly and a bit paradoxically also, DIE Gaussche Strenge (the 
Gaussian requirement) for total computational effectiveness in mathematics hap- 
pens to be unsatisfiable at human scale even in the case of the simplest C C^. 

Acknowledgments. One year ago, Gerd Schmalz kindly provided us with a pdf 
copy of the accepted version of |[T4l . and this was of great help during the (painful) 
preparation of the present paper. Another article |^ of Valerii Beloshapka, 
Vladimir Ezhov and Gerd Schmalz was also used to enter the theory in the right 
way. The authors would also like to thank Gerd Schmalz and Ben McLaughlin for 
very helpful explanations through e-mail exchanges. 

2. Infinitesimal CR Automorphisms 
OF Real Analytic Generic Submanifolds of C"+'^ 

2.1. Real and complex local equations for generic submanifolds. Consider a 
local generic CR submanifold M C C""'"'^ of positive codimension d ^ 1 and 
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of positive CR dimension n ^ 1 and let p be a point of M. In any system of 
local holomorphic coordinates {z,w) = {zi, . . . , Zn,wi, . . . , Wd) decomposed in 
real and imaginary parts as (z, w) = {x + iy, u + iv) which vanish at p and for 
which TpM = {Rewj = 0,j = 1, . . . ,d}, the generic submanifold M C C"+'^ is 
locally represented by d real equations: 

(1) Uj = ipj{x,y,v) <,j = i-d) 

as a graph over the d-codimensional plane TpM with of course the property that 
the first order jet of each graphing function ipj is zero at the origin: 

= (/?j(0) = «9xfc'/?j(0) = dy^ipj{Q) = dy^,(pj{0) {k = l-n; j,j' = l-d). 

We shall assume in this section that M is real analytic, so that the functions 
ipi, . . . ,ipd are all expandable in Taylor series converging in a certain neighbor- 
hood of the origin in x C" x C^. 

In fact, the adequate invariants of (CR mappings between) CR manifolds can be 
viewed mostly when M is represented by d so-called complex defining equations. 
Such equations may be obtained by rewriting the above real equations just as: 

_ ,„.( z+z Z-Z W~W \ ,. , ,x 

and then by solving the so written equations with respect to the variables Wj by 
means of the analytic implicit function theorem; in this way, one obtains a collec- 
tion of d equations of the shap^ (written in vectorial notation): 

w = 0(2;, z, iZ;) = z'^ uf^ S C{z, z, 

c«6N", /36N", 7 e 
la| + l/5| + l7l»l 

whose right-hand side converges of course near the origin (0, 0, 0) G C" x C" x 
and whose (vector) coefficients 0a,/3,'y € are complex. Since d(/5(0) = 0, one 
has = —w + order 2 terms. 

The paradox that any such d complex equations provide in fact 2d real defining 
equations for the real generic submanifold M C C"''"'^ which is d-codimensional, 
and also in addition the fact that one could as well have chosen to solve the above 
equations with respect to the Wj , instead of the Wj , these two apparent "contradic- 
tions" ai^e corrected by means of a fundamental, elementary statement that transfers 
to (in a natural way) the condition of reality enjoyed by the initial defining M'^- 
valued map 99: 

|a| + l/3| + l7l^l |a| + l/3| + |7l^l 

In the sequel, we shall work exclusively with the complex graphing functions Qj, 
so we recall a basic resull0. The complex analytic C^-valued map = 0(z, z, I(J) 

^ Recall that C{xi, . . . jX^}'' denotes the ring of power series X^ai a gn Cax,...,an ■ 
^1 ^ • • • Xn" with C'-valued complex coefficients Cai,...,a„ which converge in some neighborhood 
of the origin. 

^ According to a general, common convention, given a power series $(^) = X^agN" ■^^ ' 
Z G C^, $4 £ C, one defines the series ^(Z) :— X^^gN" -^^ conjugating only its complex 
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with Q = —w + 0{2) together with its complex conjugate: 

satisfy the two (equivalent by conjugation) collections of d functional equations: 

Wj = Qj{z,z,Q{z,z,W)) {j = i-d), 

Wj = Qj{z,z,Q(z,z,w)) {j = i-d); 

conversely, given a local holomorphic C'-valued map @{z,z,w) G C{z,z,w}'^, 
@ = —w + 0(2) which, in conjunction with its complex conjugate @{z,z,w), 
satisfies this pair of equivalent identities, then the two zero-sets: 

[O = — w + @(^z, z, w)] and {O = —w + Q[z, z, w)] 

coincide and define a local generic (i-codimensional real analytic submanifold 
passing thi^ough the origin in C"+'^. In fact more precisely, one may show ( Il26ll27l ) 
that there is an invertible d x d matrix a{z,w,z,w) of analytic functions defined 
near the origin such that one has: 

w — Q{z,z,w) = a{z, w, z, w) [w — Q{z, z, w)] , 

identically in C{z, w,z,w}, whence the coincidence of the two zero-sets immedi- 
ately follows. 

2.2. Extrinsic complexification. As is known in local analytic CR geometry, it 
is natural to introduce new independent complex variables (z, w) € C"" x — 
underUning should not be confused here with conjugating — and to define the 
so-called extrinsic complexification of M as being the complex analytic d- 
codimensional submanifold of C"''"'^ x C""^'' equipped with the 2n+2d coordinates 
{z, w, z, w) which is defined by the d equations: 

Wj = @j{z,z,w) {j = l-d). 

Notice that the replacement {z, w) by (z, w) in the Taylor series of is really 
meaningful: 

Qj{z,Z,w):= ^ &j,a,l3,'yZ°' z!^ uT', 

thanks to the fact that the series converges locally. Equivalently, M"^" is defined 
by the d equations Wj = @j{z_, z,w). Then M is recovered from M'^" by just 
replacing these independent variables {z_,w) by the original conjugates {z,w). The 
following standard uniqueness principle is useful. 



coefficients. Then the complex conjugation operator distributes oneself simultaneously on functions 
and on variables: ^{Z) = ^{Z), a trivial property which is nonetheless frequently used in the 
formal CR reflection principle ( Il261l27ll32l ). 



12 



Mansour Aghasi, Joel Merker, and Masoud Sabzevari 



Lemma 2.1. Consider a complex-valued converging power series: 

o6N", ;36N'*, 7eN'i, (SeN'i 

in C{z, w, z, W} having complex coefficients ^a,i3,'r,5 G C. Then the following four 
properties are equivalent: 

(i) <I> takes only the value zero when the point (z, w) varies (without restric- 
tion) on M C C''; 

(ii) the extrinsic complexification of ^: 

^""•^ = i^''c.(^Z,W,Z,w) ■■= ^ ^a,li,'i,&Z°' w'^ Z^ 

takes only the value zero when the point {z,w, z,w) varies (without re- 
striction ) on the complexification M'^" C C^""''^'^; 

(iii) after replacing w by &{z, z, w) in the extrinsic complexification ^'^'^ of^, 
the result is an identically zero series in C{z_, z, w}'^, namely: 

0= Yl ^a,p,^,5z''w''z'[Q{z,z,w)]^; 

«eN", /36Nd, 7eN", 

(iv) after replacing w by Q{z,z,w) in the extrinsic complexification the 
result is an identically zero power series in C{z, z_, w}"^, namely: 

0= '^a,i3,^,5z"[e{z,z,w)f z^u/. □ 

aeN", /3eN'*, 7eN", SeN'' 

Let Z € C^. A converging power series ^{Z) € C{Z} will be called a holo- 
morphic function. A converging power series n(Z) G C{Z} will be called an 
antiholomorphic function. But in general, in local analytic Cauchy-Riemann ge- 
ometry, some variables Z and Z are mixed or considered together. Because any 
converging power series ^'(Z, Z) € C{Z, Z} may also be considered as the series: 

^'~(Re Z, Im Z) := ^'(Re Z + ilmZ, ReZ -ilmZ), 

belonging to C{ReZ, ImZ} (in terms of the basic real 2N variables ReZ and 
Im Z), such a series ^ will be called a real analytic function, not only when it 
has purely real values, namely when £ M{Re Z, Im Z}, but also when it has 
complex values, namely when € C{Re Z, Im Z}. Thus, the terminology "real 
analytic" is used for {Z, Z)-dependence. 

2.3. Holomorphic and antiholomorphic tangent vector fields. In such coor- 
dinates (z, w) G C" X C^, we claim that the bundle T^'^M and its conjugate 
T^'^M = T^'^M are generated, respectively, by the two collections of mutually 
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independent (1,0) and (0, 1) vector fields: 

,^ i9 d@j . , d 

= ail + L aif^^' d^. {k = l-n), 

j=i J 

having real analytic coefficients. Indeed, one checks immediately that = 
^k{wj — Gj(z,z,IZJ)) and that = ^k{wj — Q{z,z,w)), and since the two 
complex vector bundles T^'^M and T^'^M are known (||2l |3] |32]) to be of rank 
n = CRdimM (which truly means that M is generic), the claim is clear. Of 
course, these two collections of vector fields have extrinsic complexifications: 

d -J^ d@j . , d 

■^fc = + X IT^ ^'^'2i^h^ (fe = l-n), 

dzk ^ dzk dwj 
j=i J 

2.4. Intrinsic generators of T'^M. It is also useful to write the (1, 0) and (0, 1) 
vector fields tangent to M in teims of the real graphed defining equations Uj = 
ipj{x, y, v) of M. For any /c = 1, . . . , n, a (1, 0) vector field of the general form: 

d d 

■^k = T^ + Z^ Afe,i — 
OZk ^ OW[ 

is tangent to the d real equations of M: 

= -Uj + ipj{x,y,u) {j = i-d) 

if and only if its d complex coefficients ^ satisfy, on restriction to M, the follow- 
ing n d scalar equations: 

1 I \ - 

= - - Afe j - 2 ^fc.' + ^J'^k (fc = l-n; j = l-d). 



=1 



Fixing k, if one introduces the column matrix := (A^ i, . . . , A^ , the column 

matrix := {ipi,z^,,- ■ ■ , ^d,zS ^"^^ the d x d matrix tp^ := {y^j,vi)l'^f^a in 
which j is the index of lines, the corresponding d equations, when rewritten as: 

constitute a linear system of d equations in the d unknowns Aj^^i, . . . , A^^ which 
may be solved by means of a matrix inversion: 



Afc = 2 (I + i Lfy) ^ ■ 
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Then the decomposition in real and imaginary parts: 

kk = ^k + '^^k (fc = l-n) 

of these coefficients writes: 

A'fc = [l + iiPvY^ ■ + [I -iiPi)'^ ■ V'^fc, 

Afc = + iipi) ^ ■ if;,^ + i {I - iify) ^ ■ ifji^ . 

In this way, transposing the column matrix of basic derivations, we obtain pre- 
cisely the right number n = CRdim M linearly independent generators of T^'^M : 

^k--— -- — +(— X A. 
2 dxk 2 dyk \dw J 

Id id fid i d \ ^ , , „. 



2 dxk 2 dyk \2 du 2 dv ^ 

However, such n generators ^k of T^'^M are still extrinsic, namely they involve 
the coordinates uj, and if we want to pull-back them to the generic submanifold 
M that needs only its intrinsic coordinates {x, y, v): 

Fi:=2Re(i4U, 

F|:=-2Im {^k\J, 

we just have to drop the ^ above, and we receive in this way 2n generators for the 
intrinsic complex tangent bundle T^M = ReT^'^M: 



Afc (fc = l-n), 





d 
dxk 


+ 1 


{- 

\dv 


Hl = 


d 

dyk 


+ 1 


f d ■ 

\dv^ 



{k = \-n). 

2.5. Infinitesimal CR automorpiiisms. According to ||38]|4l|6l, a (local) infini- 
tesimal CR-automorphism of M, when understood extrinsically, is a holomoiphic 
vector field: 

d sr^ s d 



dzk dwj 

k=l j=l ■' 

whose real part KeX = i(X + X) is tangent to M. (One should mind that, 
contrary to the above (1,0) generators ^k of T^'^M, such an X is supposed to 
have purely holomorphic coefficients, whereas the -q^{z,z,w) are — most of the 
time — neither purely holomorphic, nor purely antiholomoiphic, but only real an- 
alytic.) Determining all such X's is the same as knowing the CR symmetries of M, 
a question which lies at the heart of the problem of classifying all local analytic 
CR manifolds up to biholomorphisms. 
By integration, the real flow: 

{t,Z,w)\ > exp{tX){z,w) (teM small) 
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constitutes a local one-parameter group of local biholomorphisms of C"; because 
X is tangent to M, this flow leaves M invariant (locally), that is to say: through this 
flow, points of M are transferred to points of M. We note passim that this real flow 
coincides with restricting the consideration of the complex (holomorphic) flow: 

(r, — )■ exp(r X)(2;, ti;) (rec small) 

to real time parameters r := t G M, a fact we will not use. Conversely, one may 
show: 

Lemma 2.2. (1381 0) If M C C'^^'^ is a generic submanifold and if {z, w) i — > 
4>tiz, w) is a local real one-parameter group o/holomorphic self-transformations 
ofC^'^'^ which stabilizes M locally, then the vector field: 

has holomorphic coefficients and its real part is tangent to M. □ 

Since holomorphy of coefficients and tangency to a submanifold is preserved 
under taking Lie brackets, the collection f)o[(M) of all such X is obviously a Lie 
algebra. Also, when f]o[(M) is finite-dimensional (which occurs except in degen- 
erate situations, see e.g. llT6l ). the corresponding finite-dimensional local Lie group 
is real, whence f)ol(M) constitutes a real Lie algebra. So according to one of Lie's 
fundamental theorems ( lISll . Chap. 9), if Xi, . . . , X^ denote any basis of f)o[(M) 
as a vector space, there are real structure constants c^^ G M such that: 

r 

(3) [X,,Xfc] = J^c^^X,. 

s=l 

For an explicitly given M C C'^"'"'^, detemiining a basis of the Lie algebra f)ol(M) 
is a natural problem for which systematic computational procedures exists, as we 
will establish in a while. The groundbreaking works of Sophus Lie and his fol- 
lowers (Friedrich Engel, Georg Scheffers, Gerhard Kowalewski, Ugo Amaldi and 
others) showed that the most fundamental question in concern here is to draw up 
lists of possible Lie algebras {)ol(Af ) which would classify all possible M's ac- 
cording to their CR symmetries. 

Alternatively, if one prefers to view the CR manifold M in a purely intrinsic 
way, one may consider the local group Autc/j(M) of automorphisms of the CR 
structure, namely of local 'Tf°° diffeomorphisms g: M ^ M (close to the identity 
mapping) which satisfy: 

dgp {T^M) = T^g^^^M and dgp{j{vp)) = Jg(^p) {dgp{vp)) 

at any point p ^ M and for any complex-tangent vector Vp € TpM. In other 
words, g belongs to Autci?(Af ) if and only if it is a (local) CR-diffeomorphism 
of M, namely a diffeomorphism which respects the (intrinsic) CR structure of M. 
As did Lie most of the time in his original theory ( OTlfTSl ). we shall consider only 
a neighborhood of the identity mapping, hence all our groups will be local Lie 
groups; the reader is again referred to iBTI l33l IT6l ) for fundamentals about local 
Lie groups in general, especially concerning the fact that it is essentially useless 
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to point out open sets and domains in which mappings and transformations are 
defined. 

Accordingly, let: 

outcij(M) 

denote the collection of all (real) vector fields Y on M the flow of which {t,p) i-> 
exp(tY)(p) becomes a local CR diffeomorphism of M. When Autc/j(M) is a 
finite-dimensional Lie group, autcij(M) is just its Lie algebra. 

Lemma 2.3. (" lISTI . Chap. 8; 131) A local real analytic vector field Y on M belongs 
to auicR{M), if and only if for every local section L of the complex tangent bundle 
T'^M, the Lie bracket [Y, L] is again a section ofT^M. □ 

In all cases which are of interest, namely when M is nondegenerate in some 
sense (the interested reader is referred to ||3] [16] ^ ^ |32l, for we prefer not to 
dwell on that topic here), such 'ig"^ flows {t,p) i— >• exp(iY)(p) happen to be in 
fact real analytic, whence, according to a classical theorem, they extend as local 
biholomorphic maps from a neig hborhood of M in C"+'^. If follows that any such 
intrinsic Y happens in fact to be a restriction Y = Xj^^^ to M of some extrinsic 
X G f)ol(Af). In all these circumstances which cover a broad universe of yet 
unstudied CR structures, one has the fundamental relation: 

"^fi(M) = Re(fiol(Af)) | , 

where both sides are finite-dimensional, spanned by vector fields whose coeffi- 
cients are expandable in converging power series. Thus, one may work exclu- 
sively with the holomorphic vector fields generating f)o[(M), as we will do from 
now on. And in any case, there will be no confusion to call an infinitesimal CR 
automorphism either the holomorphic vector field X G f)ol(Af) or its real part 
i(X + X) Gautcij(M). 

Since holomorphic vector fields obviously commute with antiholomorphic vec- 
tor fields, we deduce from © that when f)ol(M) = MXi • • • RX^ is r- 
dimensional, the real parts of the Xj which generate autcij(M) simply have the 
same (real) structure constants: 

r 

(4) [X, + X, , Xfc + Xfc] = [X,- , Xfc] + [X, , Xfc] = c -fc + ■ 

s=l 

To conclude these generalities, at any fixed point p G M, one may also con- 
sider the Lie subalgebras f)o[(M,p) of \)o[{M) and auicR{M,p) of outcR(M) 
consisting of those vector fields whose values vanish at p. Then f)o[(M,p) and 
auicR{M,p) are the Lie algebra of the subgroups Hol(M,p) of Hol(Af) and 
KvXcr{M,p) of Autci^(M) consisting of only the maps that fix the point p. Of 
course, one has auicR{M,p) = Re(hol(M,p)). 

2.6. Effective tangency equations. In order to compute ()o[(M) for an explicitly 
given generic submanifold M C C""'"'^, it is most convenient, as already pointed 
out, to work with complex defining equations of the specific shape ( |[32ll26l ): 

Wj + Wj = Ej{z,z,w) {j = i-d), 
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SO that, compared to the notations introduced a moment ago, one should consider 
that the following notational coincidence holds: 

Qj{'z,z,w) = —'Wj + 'Ej{z,z,w) {j = i ■■■(!). 

Concretely and precisely, the condition that a general holomorphic vector field X = 
ELi ZH^,w)^ + Ef=i belongs to f)0[(M), namely that X + X 

is tangent to M, means that each one of the following d differentiated equation: 

= (X + X) [wj +Wj— Ej {'z, z, w)] — 

= X [wj +Wj - Ej {z, z, w)] +X[wj+ Wj - Ej {z, z, w)] 

= W {z, «J) - ^ {z, w) ^(z,z,w) + 

k — l 

+ W'{z,w) -Y, Z\z,w) ^{z,z,w) - Y, W\z,w)^{z,z,w) 

fc=l "^'^ 1=1 

should vanish for every {z, w) G M. According to Lemma 12. 1[ this condition 
holds true if and only if, after extrinsic complexification and replacement of w 
by —w + z, w), the d power series obtained in C{z_, z, w} vanish identically, 
namely if and only if: 



+ W^{z,w)-Yz''{z,w)^{z,z,w)-Y^'(^^'^)^(^^'^'^^ 
f—' dzk f-^ awi 

fe — 1 i — 1 



W — — W-\-^ {_2 , Z,w) 



or else in greater details, when one really performs the said substitution: 

, _ " — fc — dE 

= (z, —w + H(z, z, w)) — E Z [z, ~w + E{z_, z, w)) -^^{z_, z, w) + 



fc=i 



(5) " pi~ d. „— 

+ W^^' ^) - E Z'= (z, «;) U, z.) - E (z, ») ^ U, u.) 
fc=i 1=1 

{i = l ■■■<!). 

Interestingly enough, this condition may also be interpreted as saying that the com- 
plexified sum of vector fields: 

fc = l 1 = 1 — ' k=l 1=1 

=:X + X 

is tangent to M^", cf. |[28l for similar considerations in the broader context of 
completely integrable analytic systems of partial differential equations. But we 
must now analyze further what this condition really means. 
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To this aim, we may at first introduce the expansions of the coefficients of such 
a sought X with respect to the powers of z\ 

Z^{z,w)= z^Z^^'^iw) and W\z,w) = ^ 

where the Z^^'^ivj) and the W^'°^{vS) are local holomorphic functions. We will 
show that the identical vanishing of the d equations ^ in C{z, z, w\ is equiv- 
alent to a certain (in general complicated) linear- system of partial differential 

equations mvolvmg the [w), the ^^^y — [w), the ^^l^,, — [w) and the 



dh"'\ w'''""' r ^ 



dw'i" 

Applying these expansions with respect to the powers of z, we get: 

0= y: y: 



fc=i aer> 



.k 



/36N" fc=l ,SeN" 1=1 /3eN" ' 

(i = l...d). 

Since in these equations, w is the argument both of all the Z'^'^ and of all the 
W'-'^ appearing in the second line, one should arrange that the same argument w 

takes place inside the functions W ' and Z ' appearing in the first line. Thus, 
one is led, for an arbitrary converging holomorphic power series A = A{w) = 

Y'yem (Q) ^PPly the well known basic infinite Taylor series formula 

under the following slightly artificial form: 

A{-w + E) = A{w + {-2w + S)) 

When one does this, one transforms the first lines of the previous d equations as 
follows: 

(6) _^ 

0- E E i^M-2»+Hu,.,.))^^^w- 
'E E E 3i"(-2. + H(.,.,.)r^^w+ 
+ E z^w-^{w)-j2 E ^"^'^'''H^fe^.H-E E ^'w'-^{w)^{z,z,w) 

/3eN" k=i /3eN" 1=1 /3eN" 

= 1 ■•■<«)■ 

But still, we must expand and reorganize everything in terms of the powers z^ 
of {z, z). At first, we must do this for the multipowers — 2w + z, w))"' . 
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2.7. Expansion, reorganization and associated linear pde system. To begin 
with, let us denote the (z, z)-power series expansion of —2wj + Ej by: 

-2wj + Ej{z,z,w) = ^ (i = i-rf), 

with the understanding that the coefficients of the expansion of Ej would be de- 
noted plainly ^^^(u;), without '-^ sign. Hence, as Ej was assumed to be an 0(2) 
at the beginning, we adopt the convention that in this right-hand side, the Ej „ /^(w) 
for a = /3 = comes not from Ej itself, but from the supplementary first-order 
term —2wj. 
Thus, denoting: 

7= (7i,72,...,7d) e N'^, 

we may expand explicitly the exponentiated product under consideration, and the 
intermediate, detailed computations read as follows: 

d 

=n (e E ^--^'^^...H 

j = l ^ agN" ,8eN" 

<* r . / 

= E E ^"-A E E •■• E 

Sr^c^l „8l (w) ■ ■ • H;^„1 ^ Jw) =-la'{,l3f (w) ■ • ■ H2',ad^ ,^d^ [w) 

^"^''■<./3>7({2j;s,?W}jgM,SGN",,3eN")' 

where we introduce a collection of certain polynomial functions -s^a^p.-y of all the 
that appear naturally in the large brackets of the penultimate equality, 
namely where we set: 

■<,/3,7({27,aj(w^)}yeN,aeN"JeN") •= E E '•■ E 

= 1 + .. . + = „l + ... + „l^=ol „d + ... + „d^^„d 

/3l + --- + /3<*=3 ^1 + ... +^1^=31 ^d + ...+^d^^^^ 

At present, coming back to the d equations © we left momentarily un- 
touched, we see that in them, five sums are extant and we now want to expand 
and to reorganize properly each one of these terms as a (z, z)-power series 
SoeN" zl^i^ - ■ For the sum in ©, we therefore compute, changing 
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in advance the index a to a': 



(7) 



^ 5Z ^1 - 



E E 



9^, HE E ^""-'<".^-({S?:a,?H}) 



q"GN" /3GR 

■ -.11 



-w 

^Y! \ " / <JIIJ I 

The computations for the second sum in (|6]l are essentially exactly the same: 



(8) 



k — 1 a'eN" 7eM^ 
n 

E E E 

k — l q:'GN^ 'y^N^ 



1 a 




7! 




1 




7! 


dw-f 



{w){-2w + S{z,z,w)y 

E E ■^o.",i3n{{W,s,0iw)}) 



'GN" ;3GN" 



E E ~E E E i<-"./3>7({2y;s,/3(w)}) ^ ^ 



aGN" ,9GN" fe = l ^GN^i a'+a"=a 

The third sum in Q is already almost well written, for we indeed have, if we denote 
by = (0, . . . , 0) € N" the zero-multiindex: 

(9) E ^'''M = E E ^" [-5° • ^^■'''(^)] ' 



where = if a 7^ b and 1 if a = b. To transform the fourth sum in (l6), we must 
at first compute, for each /c = 1, . . . , n (and for each j = 1, . . . , d), the first-order 

&^ ■ 

partial derivatives which gives, if we denote simply by Ik the multiindex 
(0, . . . , 1, . . . , 0) of N" with 1 at the fc-th place and zero elsewhere: 

dzk 



-{z,z,w)=j2 J2 ^"f^'' '''''' ^7,c.,pH 



Thanks to this, the fourth sum in ^ may be reorganized as wanted: 



E E ^^'^-'wgfe.. 

n 



(10) 



*=1 /3'GN" 



iGN" /3"Gf! 



= EE^"-'-E E + 

OGN" ;3GN" L fc = l ;9' + /3"=;9 

Lastly, in order to transfomi the fifth sum in (l6}, we must at first compute, for each 
I = 1, . . . ,d (and for each j = 1, . . . , d), the first-order partial derivatives and 
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to this aim, we start by rewriting: 

Ej{z, z, w) = 2wj + Y z'^z^ ^j>,/3(^)' 

whence it immediately follows: 



q6N" /3eN" 

Thanks to this, the fifth sum in Q, too, may be reorganized appropriately: 
(11) 

-E E ^^V''^'w||u, = 
= -E E ^"^''^'wh^K E E i"^''"(aH;:.,;3"H/9-0 
= E E f - • ^^'■'''(™) - E E {dK^,,"{^)/dw{) ■ 

aGN" ;3eN" L 1=1 ;3'+;3"=,S 

Summing up these five reorganized sums appearing in (S as a double sum 
Z^Q -2^^ (coeff J Q , and equating to zero all the obtained coefficients ©, 

([Hi, Q, ([Tol l and ([TT]) . we deduce the following fundamental statement. 

Theorem 2.1. Let M be a generic real analytic CR-submanifold o/C""*"'^ having 
positive codimension d ^ 1 and positive CR dimension n ^ 1 which is represented, 
in local holomorphic coordinates {z,w) = (zi, . . . , Zn,wi, . . . , Wd) by d complex 
defining equations of the shape: 

Wj + Wj = Ej{z,z,w) {j = i-d), 

denote by {z,w) the extrinsic complexifications of the antiholomorphic variables 
{'z,W) and introduce the power series expansion with respect to the variables 

(z, z): 

-2wj +Ej{z,z,w) =: Y ^ ^"^^^laA^) (i = i-'^)- 

For every multiindex a G N"^, every multiindex /3 G and every multiindex 
7 G N"', introduce also the explicit universal polynomial: 

<,/3,7({2j,a,?('«)}yeN,aeN"JeN") ■= E E ■■' E 

Then a general holomorphic vector field: 

k=l " 1=1 ' 
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is an infinitesimal CR-automorphism of M belonging to \}0\{M), namely it has the 
property that X + X is tangent to M if and only if, for every j = 1, . . . ,d, for 
every a G N" and for every (3 € N", the following linear holomorphic partial 
differential equation: 



^^N'^ a—ct'+a" 

+ 5° ■ W'-^{w) 



EE E :^<"^/3>7({s?;s,/3W}) •^^^w+ 

fc — 1 -j/^N*^ a' -\-a" = a 



-E E (/?fe + i)H,^../3"+i.w-^''^'w- 

fc=l /3'+/3"=;3 

1^1 p'+p"=p 



which is linear with respect to the partial derivatives: 

satisfied identically in C{t(;} Zjj the four families of functions: 

Z^'^'iw), VF''""'('u;), 

depending only upon the d holomorphic variables {wi, . . . , Wd)- 

Then the resolution of this linear- system of holomorphic partial differential 
equations (having nonconstant coefficients in general) is often delicate when deal- 
ing with concrete, specific functions z,w). Of course, starting from an M of 
equation v = ip{x,y,u) with TqM = {Imw = 0}, instead of TqM = {Rett; = 
0}, the same process of extracting linear partial differential equations providing 
(after resolution) access to all X € t}ol{M) may be conducted quite similarly, the 
only difference being that an i-factor comes regularly into play, for the complex 
defining equations of M must then be thought to be of the general form: 

Wj =Wj + i Ej {z, 'z, w) {j = 1 ■■■ d), 

because each Wj — Wj = vj is purely real, or because a reality condition like (|2j 
must hold true. The presence of the i-factor is especially visible in the case where 
the M under consideration is of the particular (and quite convenient) form, some- 
times called rigid in the literature, where the right-hand side functions are com- 
pletely independent of the variable w G C^, since in this case if one writes: 

Wj = Wj+i Ej [z, z) {j = 1 ■■• d), 

it is clear that each right-hand side function Ej{z,z) must be purely real, namely 
must satisfy: 

^j{z,z) = Ej{z,z) {j = i-d) 

identically in C{z,z}. A concrete example is on. 
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3. CR SYMMETRIES OF THE HEISENBERG SPHERE C 

3.1. Infinitesimal CR automorphisms of H'^. We now consider the Heisenberg 
sphere in C^, equipped with coordinates {z, w), of equation: 

= w —W — 2i zz. 

A local (1,0) vector field defined in a neighborhood of the origin: 

y. = Z{z,w) — ^W{z,w) — 

having holomorphic coefficients Z{z, w) and W{z^ w) is an infinitesimal CR au- 
tomorphism of M if and only X + X is tangent to the extrinsic complexification 
M'^" , that is to say, if and only if the following equation: 

0= \W -2izZ -W -2izY\ 

L — J w=w_+2t zz 

holds identically in C{z, z_,w}, that is to say if again, and only if: 

(12) = W{z, w + 2izz) - 2izZ{z,w + 2i zz) - W{z, w) - 2izZ{z,w). 

Since the two coefficients Z and W of L are analytic, we may expand them with 
respect to the powers of z: 

Z{z,w) = ^ z'' Zu{w) and W{z,w) = ^ z'' Wk{z,w), 
km fceN 

and the fundamental equation ([T2l) just written becomes: 

Q = ^z^ Wk{w + 2i zz) - 2iz ^ z'' Zk{w + 2i zz) - 
ken fceN 

ken ken 

Furthermore, if ^ = A{w) = X^^gpj ^^i(0) j^ ul is a function holomorphic with 
respect to w. near the origin, where A^, A^2 , . . . , A^i denote (paitial) derivatives, 
we may yet expand: 



(13) ^(^« + 2izz) = J^^^K^)(2^^l)'^, 

len 

and here, this gives us: 

^ E E zz)' i W.^^^iw) -2izz^ i2izz)' ^ Z,.^.(«;)) - 

kefi leli ^ ' ' ^ 

z'=(Wfc(«;) + 2izZfe(u;)). 

ken 

In this equation, the coefficients of the monomials z^' for all k ^ 2 and the coeffi- 
cients of the monomials z z^ for all k' ^ 3 must vanish, and this simply yields: 

= Wk{w) for all k^2 and = Zk'{w) for all k' ^ 3. 
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Consequently, the two coefficients Z and W of our infinitesimal CR automorphism 
greatly simplify, and they receive the (truncated) form: 

Z{z,w) = Zo{w) + z Zi{w) + Z2{w) 
W{z,w) = Wo{w) + zWi{w). 

After this simplification, the fundamental equation (fT2l) becomes: 

= Wo{w + 2i zz) + zWi{w + 2i zz)- 

— 2iz Zq (w + 2i zz) — 2izz Z\ (w + 2i zz) — 2i/? z_ Z2 {w + 2i zz) — 

- Woim) - zWi{w) - 2iz^o{w) - 2izz'Z{w) - 2izz^^2{w). 

We now expand all the series A{'w_ + 2i zz) appearing in the first two lines, us- 
ing ([H: 

= Wo{w) + 2izzWo,w{w) - ^z^i - 8iz^z^ ^ Wo^^3{w) + ■■■ 
+ z Wi{w) + 2iz'^zWi^j^{w) - 4zV ^ Wi^^2{w) 

- 2iz Zo{w) + 4 zz^ Zq^^{w) + Siz'^z^ ^ -^o.ui^ {w) + • • • 

- 2izz Zi (w) + Az'^z^ Zi^^{w) + Siz^z^^ Zi ,^2 {w) ^ 

- 2izz^Z2{w) + Az^z^ Z2^w H 

- Wo{w) - zWi{w) - 2izZo{w) - 2izzZi{w) - 2izz^^2{w). 

Now, we extract the coefficients of the monomials z^^zj^ for small values of /i and 
I/, and these coefficients must all vanish identically in C{w}. What is left out in 
the cdots will not be useful to us. 

First of all, for {fi, u) equal to (0, 0) and to (1, 0), we get two equations: 

(14) = Wo{w) - Wo{w) 

(15) = Wi{w)-2iZo{w), 

holding identically in C{w}, while for (/x, u) = (0, 1), we get = — Wi{w) — 
2i Zq{w) which is fully equivalent to (fTSl) . after conjugation and replacement of 
the variable w hy w(a power series (p{w) is identically zero if and only if ip{w) 
is identically zero). Next, for {fi, v) = (2, 0), nothing comes, while for (/i, v) = 
(1, 1), we obtain: 

(16) = 2iWQ^y^{w) - 2iZi{w) - 2iZi{w). 
Next, for (2, 1) and for (1, 2) we obtain: 

(17) = 2i Wi^^iw) - 2i Z2{w) 

and: = 4 Zq^w{w) — 2i Z2{'w), but this second equation visibly follows from the 
ones already obtained, hence will be disregarded. Next, for (2,2), for (2,3), for 
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(3, 2) and for (3, 3), we obtain: 
(18) = -4 




(19) = 8i ^ Zo , 

(20) = -4 ^ W 

(21) = -8i^M 
Clearly, ([191) yields that Zq is affine: 



(22) 



Zo{w) = Zo,0 + zo,i w, 



where zo,o = xo,o + ^Yo.o and zo,i = xo,i + iyo,i are complex constants in C. 
From ([T5] ). it then follows immediately that: 



Next, differentiating (fTSl ) once with respect to u; and comparing to (|2TI ). we get: 

= Wo,^3(u;) and = 
It follows firstly that Wq is quadratic: 



but taking account of (fT4l) . we see that the three appearing coefficients uo,o> uo,i, 
uo,2 must even all be real. Secondly, it follows that Zi (w) = zi q + zi i w is affine, 
but moreover, taking in addition account of ([T6] l and of ([TST l. we see that: 



Finally, (fTTl) and (l23l) give that Z2{w) is constant: 

Z2(w;) = 2yo,i + 2ixo,i. 

3.2. Solution. The eight real constants found in this way: 

xo,0; yo,05 xo,i5 yo,i' uo,o, uo,i, uo,2, yi,o 

give us eight M-linearly independent infinitesimal automorphisms of the Heisen- 
berg sphere, when one sets one of these constants equal to 1, while the 7 remaining 
constants are set equal to 0: 



(23) 



Wi {w) = 2i zo,o + 2i zo,i 



(24) 



Wo{w) = Uo,0 + Uo,l W + Uo,2 w'^ 



(25) 



Zi{w) = 2 Uo,l + «yi,0 + U0,2W. 



dz + 2iz dw 
idz + 2z dyj 
{w + liz^) dz + 2izw (9, 
{iw + 2z^) dz + 2zw du, 
dw 

\zdz + wdw 
zw dz + w'^ dw 
iz dz- 



'w 
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By straightforward computations, one verifies that indeed the real part of X + X, 
where X is any of these eight holomorphic vector fields, is tangent to IvP"; for 
instance, for the third vector field, we get: 

4:z'^z — Azz^ — 2iz_w — 2izw + 2izw + 2izw 

= {w — w — 2izz) [2iz — 2iz\ , 

which identifies to the equation of Af^^ multiplied by a factor, hence vanishes on 



3.3. Homogeneities and graded structure. The anisotropic real dilation 
{z,w) I — > {cz, w) with c G M visibly stabilizes "M?, hence it is natural 
to ascribe homogeneity 1 to the variable z and homogeneity 2 to the variable 
w. Accordingly, dz and dw have homogeneity —1 and —2, respectively, and a 
holomorphic field like zw d^, for instance, has homogeneity 1 + 2 — 2 = 1. One 
may thus list the eight generators found above according to their homogeneities, 
which take the values —2, —1, 0, 1 and 2 and this conducts us to represent: 

i)oi{if) = (i_2 e f)-i e [)o e f)i e f)2 

as a direct sum of five components of dimensions 1, 2, 2, 2, 1 defined by: 



f)-2 



:D©: 



.Hi eMHs 



J. 



where: 

f]-2: 



{T := du 



1 



Hi := 
H2 := 



dz + 2iz dw 
idz + 2z dw 



zdz + 2w dyj 
iz d? 



f)2: {J := zwdz + w"^ du 



{w + 2iz'^) dz + 2izw dw 

{iw + 2z'^) dz + 2zw dw 

Here with t € M, the flow {z, w) ^ {z, w + t) of T is transversal to the complex 
tangent bundle T'^M, spanned by Re ^ and by Im where: 

^ := dz + 2iz dw] 

the flows of Hi and H2, namely {z+t, w+2izt+it^) and {z+it, w+2zt+it^) are 
somewhat llorizontal; the flow of D is just the dilation (e*z, e^* w); the flow of R 
is just the imaginary rotation of the z-coordinate (e**2;, w). On the other hand, it is 
known since Poincare |[35l that any holomorphic automorphism of the Heisenberg 
sphere fixing the origin is a fractional linear transformation of the general form: 



(z, w) 



c{z-'raw) 



pw 



l—2iaz—{r+iaa)w ' l—2iaz—{r-\-iaa)w ^ 

where cGC, aSC, rSM and p € M. Such a general expression may be recov- 
ered by concatenating the eight flows, after a change of parameters. However, as 
understood originally by Lie himself ( lITSllSTI ). except in some specific situations. 
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it is essentially useless to explicit the finite equations of a local transformation 
group, because the infinitesimal description shows better the structures. 

With the convention that f)^ = {0} for either k ^ —3 or /c ^ 3, one may then 
verify the property that: 

for any two A;i ^ A;2 € Z, and more precisely, this fact follows by inspecting the 
fuU commutator table between these eight generators of t)ol(]HI'^): 





T 


Hi 


H2 


D 


R 


li 


I2 


J 


T 











2T 





Hi 


H2 


D 


Hi 


* 





4T 


Hi 


H2 


6R 


2D 


li 


H2 


* 


* 





H2 


-Hi 


-2D 


6R 


I2 


D 


* 


* 


* 








li 


I2 


2J 


R 


* 


* 


* 


* 





-I2 


li 





li 


* 


* 


* 


* 


* 





4J 





h 


* 


* 


* 


* 


* 


* 








J 


* 


* 


* 


* 


* 


* 


* 






Clearly also, the isotropy algebra of the origin is just the nonnegative part of the 
sum: 

t)oi(if,o) = f)oef)i ef)2. 

4. Tanaka Prolongation 

4.1. The prolongation procedure in the CR context. Consider a finite- 
dimensional graded real Lie algebra indexed by negative integers: 

0_ =0_^©--- 00-2 00-1, 

satisfying [q-i^, 0-12] C 0-ii-Z2 with the convention that 0^ = for A; ^ — 1. 
Following |[39l . 0_ will be said to be of fi-th kind. Assume that there is a complex 
structure J: 0_i 0_i such that = —Id, whence 0_i is even-dimensional 
and bears a natural structure of a complex vector space. Tanaka's prolongation of 
0_ is an algebraic procedure which generates a certain larger graded Lie algebra: 

= 0_ 00 01 02 © • • • 

in the following way. 

By definition, the order-zero component 0o consists of all linear endomorphisms 
d: 0_ 0- which preserve gradation: d(0fc) C Qk, which respect the complex 
structure: d(Jx) = Jd(x) for all x € g_i and which are derivations, namely 
satisfy d([y, z]) = [d(x), y] + [x, d(y)] for every y,z € 0-. Then the bracket 
between a d € 0o and an x € 0_ is simply defined by [d, x] := d(x), while 
the bracket between two elements d',d" G go is defined to be the commutator 
d' o d" — d" o d' between endomorphisms. One checks at once that Jacobi relations 
hold, hence 0_ go becomes a true Lie algebra. 

By contrast, for any Z ^ 1, no constraint with respect to J is required. Assum- 
ing that the components 0^/ are already constructed for any /' ^ / — 1, the l-th 



28 



Mansour Aghasi, Joel Merker, and Masoud Sabzevari 



component Qi of the prolongation consists of /-shifted graded Unear morphisms 

0_ g_ © go © 01 © • • • © that are derivations, namely: 

(26) 

0« = {d € Lin(sfc, Qk+l) ■■ d([y, z]) = [d(y), z] + [y, d(z)], Vy, z € 0_}. 

Now, for d G 3fc and e G g^, by induction on the integer /c + / ^ 0, one defines the 
bracket [d, e] G Qk+i <8) fll by: 

(27) [d, e](x) = [[d, x], e] + [d, [e, x]] for x G 0_. 

One notes that, for /c = / = 0, this definition coincides with the above one for 
[flO) 0o]- It follows by induction ( |[39l HTl ) that [d, e] G Qk+i and that with this 
bracket, the sum 0-0;,>i Qk becomes a graded Lie algebra, because the general 
Jacobi identity: 

0= [[d, e],f] + [[f, d],e] + [[e, f], d] 

for d G 0fc, e G 0/ and f G 0m follows by definition when one of k, I, m is negative, 
and can be shown by induction on the integer k + I + in ^ when all of k, I, m 
are nonnegative. 

4.2. The Heisenberg algebra. The symbol Lie algebra 0_ := 0_2 © 0-i associ- 
ated to any Levi nondegenerate CR manifold C equipped with the distri- 
bution T'^M is three-dimensional, with 0_2 = Mxi, with 0_i = IRx2 © Mxs with 
X3 = J(x2) and with only nonzero Lie bracket [x2, X3] = 4xi. If one disregards 
J, such a 0_ is the unique irreducible three-dimensional nilpotent Lie algebra, 
denoted n3 in ifTTI . Now, what is the Tanaka prolongation of 0„? 

By definition, an element of 0o is a derivation d G (0_2 0I2) ® (0-i ® 0-i)' 
hence it writes: 

d(xi) = A:xi, d(x2) = riX2 + r2X3, d(x3) = r3X2 + r4X3, 

for some five real, unknown constants. But because d preserves the complex struc- 
ture J on 0_i, one also has d( JX2) = Jd(x2), i.e. r3X2 + r4X3 = riX3 — r2X2, that 
is to say: ri = and r2 = —r^. Moreover, applying the derivation property of d, 
one must have: 

4fexi = 4d(xi) = d([x2,X3]) = [d(x2),X3] + [X2,d(x3)] 

= [riX2 + r2X3, X3] + [X2, r3X2 + r4X3] 

= 4rixi + 4r4Xi, 

which yields that k = ri + r^. These three Unear equations solve as r3 = — r2, 
r4 = ri and k = 2ri with free ri and r2. It follows that 0o is two-dimensional and 
generated over M by two derivations (corresponding to the two choices: ri = — 1, 
r20 and ri = 0, r2 = — 1) that we will denote X4 and X5 and which are defined by: 

X4: Xi IH> -2xi, X2 l-> -X2, X3 l-> -X3, 
X5 : Xi H> 0, X2 1-^ -X3, X3 X2. 
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Then the commutator X40X5— X5OX4 = vanishes, and at this stage, the Lie brackets 
between the obtained x^^^ read as follows, if listed by increasing homogeneity: 

F3] : { [xi, X2] = 0, [xi, X3] = 0, 

F2] : { [X2, X3] = 4xi, [xi,X4] = 2xi, [xi,X5] = 0, 

Fl] : { [X2, X4] = X2, [X3, X4] = X3, [X2, X5] = X3, [X3, X5] = -X2 

0: { [X4, X5] = 0. 

Here, we see that g_2 © fl-i © go is a Lie algebra in itself. Moreover, we observe 
that g_2 © 0-1 © 00 is isomorphic to the isotropy subalgebra f)_2 © © f)o of 
the Heisenberg sphere through the simple map: 

T I-)- xi, Hi X2, H2 I-)- X3, D I-)- X4, Ri-^-xs. 

Next, we compute gi. An element d of gi belongs to (0_i ® 0^2) © (00 ^ 0-i)' 
hence it writes: 

d(xi) = A:x2 + Zx3, d(x2) = mx4 + nx5, d{xs) = px^ + qx^, 

for some six real, unknown constants. But the condition that d be a derivation gives 
us exactly three constraints, firstly: 

= d([xi, X2]) = [A;x2 + /x3, X2] + [x2, mx4 + 71x5] = -4/xi + 2mxi 
that is to say: = —21 + m; secondly: 

= d([xi, X3]) = [kx2 + /x3, X3] + [xi, px4 + 5x5] = Akxi + 2pxi, 
that is to say: = 2k + p; thirdly and lastly: 

4A;x2 + 4/X3 = 4d(xi) = d([xi, X2]) = [mx4 + nxs, X3] + [x2, px4 + 9x5] = 

= -mx3 + nx2 + px2 + 0^x3, 

that is to say: Ak = n + p and 4Z = — m + q. These four linear equations solve 
as m = 21, p — 2k, n = 6k, q = 61 with free k and It follows that gi is two- 
dimensional and generated over M by two derivations (corresponding to the two 
choices: k = —1, 1 = and k = 0, 1 = —1): 

Xq: Xi IH- — X2, X2 IH> -6x5, X3 I-)' 2X4, 
X7: Xi l-> -X3, X2 IH^ -2X4, X3 l-> -6X5. 

We still need to know the brackets structures [gi, go] and [gi, gi]. At this stage in 
fact, we can only determine [gi, go]. By definition, with d € gi and e € go, the 
bracket [d, e] € gi C (g-i ^ q*_2) © (go ^ gli) is determined by his action on the 
three vectors xi, X2, X3 generating g„ through the formula (|27| |. hence we compute 
three times at once: 







xi" 




+ 




Xl" 






--2x1 


+ 


-X2 - 






X4, X2 


, X6 


X4, 


X6, X2 






-X2 , Xg 


X4, -6x5 


\X3/ 




L X3J 








L X3J 






L -X3 J 




L -2x4 J 



=(-2?)+(i)=S)="'p^^(i)- 
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and we recognize xg, as a linear map, whence [x4, xg] = xg. In a similar way, one 
may compute the three remaining brackets. In summary, one obtains the following 
supplementary brackets, listed by increasing homogeneity: 

RH - { [xi, xe] = X2, [xi, X7] = X3, 

[0]: { [X2, Xg] = 6X5, [X3, Xg] = -2X4, [X2, X7]=2X4, [X3,X7]=6X5, 
{ [X4, Xg] = Xg, [X4, X7] = X7, [X5, Xg] = -X7, [X5, X7] = Xg. 

Now, we ai^e in a position to compute g2. An element d of Q2 belongs to (go C?) 
g*_2) (5-1 e gli), hence it writes: 

d(xi) = A;x4 + /x5, d(x2) = mxg + nx7, d(x3) = pxg + 5x7, 

for some six real, unknown constants. Again, the condition that d be a derivation 
gives exactly three constraints, firstly: 

= d([xi, X2]) = [A;x4 + 1x5, X2] + [xi, mxg + nxj] = -kx2 - /X3 + mx2 + nx3, 
that is to say: = —k + m and = —I + n; secondly: 

= d([xi, X3]) = [kx4 + /X5, X3] + [xi, pxg + qxj] = -kx^ + 1x2 + ?'X2 + 0^x3, 

that is to say: = / + p and = —k + q; thirdly and lastly: 

4fex4 + 4:1x5 = 4d(xi) = d([x2, X3]) = [mxg + nx7, X3] + [x2, pxg + qxj] 

= 2mx4 — 6?iX5 + 6px5 + 2^x4, 

that is to say: Ak = 2m + 2q and 41 = —n + p. These four linear equations solve, 
up to a dilation factor, asO = l = n = p and m = q = k = —1, whence it follows 
that g2 is one-dimensional and generated over M by the single derivation: 

Xs: xi -X4, X2 iH- -Xg, X3 iH- -X7. 

We still need to know the bracket structures [go, g2] and [gi, gi]. After a few 
computations using the already known brackets, one obtains the supplementary 
brackets: 

{0}: { [Xi, Xs] = X4, 

{ [X2, Xs] = Xg, [X3, Xs] = X7, 

0: { [X4, Xs] = 2xs, [X5, Xs] = 0, [xg,X7]=4xs, 

Finally, the prolongation stops, for one may easily verify that g3 = {0}, while it 
is known that g/t{0} for some k ^ implies qi = {0} for every / ^ k ( BTl . 
p. 433). Also, = [gi, g2] = [g2, 02], which ends up the process, all brackets 
being computed and: 

g := g_2 g-i © go 0i 02 
being a graded 1 + 2 + 2 + 2 + 1 = eight-dimensional Lie algebra. 
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4.3. Fundamental isomorphism. Now by inspecting all brackets just obtained, 
we observe that this J-compatible Tanaka prolongation g (of the above three- 
dimensional Heisenberg nilpotent Lie algebra Ug) isomorphically coincides with 
the Lie algebra f)o[(EI'^) of CR-automorphisms of the Heisenberg sphere through 
the plain identifications: 

Xi O T, X2 Hi, X3 O H2, X4 O D, X5 O R, X6 ll, X7 I2, XgOj. 

In fact, this coincidence comes from Tanaka's general ( PTl ) theorem that the pro- 
longation g can naturally be identified with the Lie algebra of all J-compatible 
infinitesimal automorphisms of the unique connected simply connected three- 
dimensional Lie group with the Lie algebra [x2, X3] = 4xi, X3 = J(x2). For 
more clarity, we will employ from now on the letters t, hi, \\2, d, r, ii, \2, j instead 
of xi, X2, X3, X4, X5, xg, X7, xg as generators of g. For later use, we draw up the full 
commutator table between these eight generators of the abstract Lie algebra g: 





t 


hi 


h2 


d 


r 


ii 


12 


j 


t 











2t 





hi 


h2 


d 


hi 


* 





4t 


hi 


h2 


6r 


2d 


il 


h2 


* 


* 





h2 


-hi 


-2d 


6r 


12 


d 


* 


* 


* 








ii 




2j 


r 


* 


* 


* 


* 





-12 


il 





ii 


* 


* 


* 


* 


* 





4j 





12 


* 


* 


* 


* 


* 


* 








j 


* 


* 


* 


* 


* 


* 


* 






5. Second Cohomology of the Heisenberg Lie Algebra 

Specifically for a Cartan geometry modeled on a pair (g-,g) of Lie algebras 
g_ C g, the second cohomology ff^(g_,g) a priori provides some useful al- 
gebraic information about the number of functionally independent Cartan curva- 
tures. Similarly as for Tanaka prolongations, the computations for //^(g_,g) are 
of purely algebraic nature, without any differentialo-geo metric invariant coming 
into the picture hence more elementary. In Section [TO] general considerations and 
formulas about (second) cohomologies of (graded) Lie algebra are set up. 

Thus, let g be an r-dimensional Lie algebra and let g_ be an n-dimensional 
(1 ^ n ^ r — 1) subalgebra of g. For any A; ^ 1, the space '^'^(g_,g) of k- 
cochains consists by definition ( IITtI . Chap. 3) of the space of linear maps from 
A'^g_ to g, that is to say: 

<^'=(g_,g) = Lin(AV,0). 
When g is equipped with the structure of a graded Lie algebra: 

= © • • • © g-i ©go © 01 © • • • © 01/, 

^ V ' 

g- 

with [g^j, gfc^] C Qki+k2 for ^i, A;2 € Z (with the convention that g^ = {0} 
whenever k ^ — 1 ox k ^ v + 1), each vector space ^'^(g-,g) naturally 
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splits into a direct sum of so-called homogeneous cochains as follows: a fc-cochain 
$ G (fl- , q) is said to be of homogeneity h £ Z whenever for arbitrary elements: 

belonging to certain arbitrary determined g-component, its value: 

belongs to the (ii + . . . + + i)-th component of g. In fact, one easily con- 
vinces oneself that any A;-cochain <I> splits as a direct sum of A;-cochains of fixed 
homogeneity: 

$ = \- $[^-1] + $W + $[^+1] -\ 

where we denote the h-th component of $ just by ^^'^^ 

For each A; = 0, 1, . . . , n, the differential operator (ifTTllSlfT?!'): 

-^^^(g-, fl) ^<^^+i(0_, g) 

assigns to a A;-cochain <I> € '^'^ (g_ , g) the A; + 1-cochain whose value on any 
collection of /c + 1 vectors zq, zi, . . . , is defined through the formula: 

k 

(9^$) (zo, zi, . . . , Zfc) := (-1)' [z», *(zo, • • • , z„ . . . , z^)] ^+ 
(28) »=o 

+ XI (-l)*^^^([z*:Zj]g,zo,...,z,,...,2j,...,Zfc), 

where 3; means removal of the term z/. This action is linear with respect to each ar- 
gument Zi, i = 0,1, . . . , k. One can check that the composition d^^^ o d'^ vanishes 
for any k £ N and we have the following cochain complex: 

The fe-th cohomological space H^{q^,q) is then defined as being the following 
quotient: 

" (^-'^) = Ra^- 

Before entering specific computations, let us briefly motivate and anticipate. 
Only the second cohomology space if^(g_,g) will be of interest to us. In Sec- 
tion[8](c/ also (SO), we will indeed see that the the curvature function (Defini- 
tion (83]) associated to a Cartan connection takes its image in the set of 2-cochains 
'tf'^{Q-,Q). Also, the curvature function naturally splits in homogeneous com- 
ponents. As explained in llT4l . the so-called Bianchi-Tanaka identities stated by 
Proposition 18. lOl below entail in particular that the lowest order nonvanishing cur- 
vature must be 9-closed, and more generally, any homogeneous curvature com- 
ponent is determined by the lower components up to a (J-closed component (see 
also Proposition 18.131 below). Hence, some of the linear-like properties of Cartan 
curvatures rely on probing the corresponding second cohomological spaces. 
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5.1. Cochains ^^(g_,g) for the prolonged Heisenberg Lie algebra. Now, let 
= 0-2 © 0-1 © 00 ® 01 ffi 02 be the eight-dimensional (abstract) graded Lie 
algebra under study with: 

0-2 = Mt, 0-i = MhieMh2, 0o = Md©Mr, 0i=Mii0Ri2, 02 = Mj, 

its commutator table being shown above. Let {t*, h^, hg} be the dual basis of 
0- = M t © M hi © M h2. Then with such bases, a general 2-cochain $ G A'^q*^ (g) 
writes under the explicit expanded form: 

# = t* A hi ® (<^f 1 t + <^f^i hi + <^f^i h2 + ^'f' d + <^*'H r + <pf;^ h + <P'^' h + <Pf' j) + 

+ t* A h^ (</,f ^ t + ,I>1\^ hi + ,I>1\^ h2+Cd+ <i>'> ' + 'i't^ il + <^*^ i2 + ' j) + 

+ hi A h^ ® t + hi + h2 + <i!.;;i'^^ d + </,^''^ r + <i!.^;'^^ ii + ^'ii''^ h + •pY'"^ j) , 

where the 24 real coefficients 4h^^ ^ ■ ■ ■ > 4^^^"^ arbitrary. This 2-cochain could 
also be written {cf. [6]) under a condensed symbolic form as: 

x<y V 

forx, y G {h*, t*} and for v G {t, hi, h2, d, r, ii, i2,j}, but the first, complete 
writing is much more suited to effective calculations. Also, it is useful to reorganize 
the 24 components of $ by collecting, in one and a single line, all those which have 
the same homogeneity: 

$ = <^^^i'^2 h^ t+ [o] 
\T\ + 4,1''^ t*A hi ® t + h^ ® t + flijji''^ hjA hj (g. t + hjA h^ ® h2 + 

[I] + (/.f^i t*A h^ (g) hi + <^*^^^i t*A hl(g,h2+ <t>l\^ t*A h^ ® hi + 0*^^^ t*A h^ (g) h2 + 

+ (^Iji''" htA h^ (g d + h5;A h^ (g r+ 

|T| + t*A hj g. d + t*A hj g) r + (^^''^ t*A h^ (g d + (/-^''^ t*A h^ g) r 

+ <t>[\^''^ h*A h2* g) ii + <^^^i''2 hjA hj g) i2 + 
|T| + (Z-*!"! t*A hj g) ii + t*A hj g) i2 + <}!.*^^^ t*A hj (g ii + </.*^^2 t*A h^ g) i2 

+ 0^^!'^^ h^A ha®j+ 

[7] +(/,*.''it*Aht g)j + <^f"t*Ah5'g)j, 

starting from homogeneity (first line) up to homogeneity 5 (last line). Thus, the 
graded dimensions of '^i, ^2^, "^1, , are equal, respectively, to: 1, 4, 6, 
6, 5, 2, c/ also the summarizing table at the end of this section. 

5.2. Computations of i2°^(0-,0). Now, such a general 2-cochain $ belongs to 
iF^ if and only if the value of on each antisymmetric 3-vector of A'^0_ van- 
ishes. But here, A^0„ is one-dimensional, generated by just t A hi A h2. Conse- 
quently, applying the definition (|28] ). the cocycle condition amounts to the single 
equation: 

o = a$(t,hi,h2) 

= [t, <I.(hi,h2)]^- [hi, $(t,h2)]^+ [h2, <5(t,hi)]^- 
- $([t, hi]^, ha) + <&([t, h2]g, hi) - $([hi, h2]B, t), 
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and then, after substituting all corresponding values of <!>(•,•), we get: 



0= [t, 




hi ^ 




hih2 


ha 


+ 1 








ia + ' 






[hi, (/'f^t + ^ 


C hi 


+ 




ha 


+ < 






ia + <; 




+ 


+ 


[h2, </'f^t + ^ 


C hi 


+ 




ha 


+ < 




.^r + <'i ii+4"^ 


ia + <; 







- $(0,ha) „ + $(0,hi) ^ - $(4t,t) . 
Using the commutator table, we may then replace each appearing Lie bracket: 

= 2<j!.;;i''^ t + 4,11'^^ hi + 4,11'^^ ha + 4,)^'^^ d- 

- 40f/ t - 4>'i^ hi - 4>f^ ha - Hf^ r - 2,^:^^^ d - <^f ^ ii- 

- 40;^';i t + ha - 0^*' hi - 2^!.j;'i d + ' + 'J^f ' 12. 

and lastly, gather the coefficients of the appearing vectors t, . . . , i2: 

= {24>T^ - 4<^J/;= - 4<i) t + - 4'^- - hi + {4>T" - <i>'> + '^d'^) h2 + 
+ {4>T- - 24"= - 2,^*^1) d + (-60:;^^ + 64^1) r + (-0f ^) ii + (<^f 1) ia. 

Thus, a 2-cochain <l> is a 2-cocycle if and only if its 24 coefficients satisfy the 
following seven linear equations, ordered by increasing homogeneity: 

O = 2,^^^i''--40l^/-4</>f^\ 

^ = 4111 - 0*^^ - = 4>1l - + ^ , 

[7] o = -0f^ o = 4p- 

All these equations are visibly linearly independent, and we deduce that the homo- 
geneous components of: 

«^ — [0] [1] [2] [3] [4] [5] 

have codimensions within '^^^ equal to 0, 0, 1, 2, 2, 2, hence are of dimensions 
equal to 1, 4, 5, 4, 3, respectively, 

5.3. Determination of g). Now, let ^ e A^gl^g be a general 1-cochain. 

In terms of the bases {t*, h^, hg} of g!! and {t, hi, h2, d, r, ii, i2, j} of g, it writes 
under the exphcit expanded form: 

* = t* 8 (i^l t + ?/>^j hi + ha + V'd d + r + ipl^ h + tp\^ ia + '(/'j j) + 

+ ht ® (^fi t + hi + T^^^i ha + ^,^1 d + r + ii + ia + t^,''^ j) + 
+ hi ® (^f^ t + ^'^l hi + ^^^^ ha + d + r + <^ ii + ia + ^^'^ j) , 

where the 24 real coefficients . . . , V'j^ are arbitrary. Equivalently, by collecting 
in one and a single line all components having equal homogeneity, such a general 
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1-cochains writes: 

[o] + t* ® t + VhJ hi ® hi + xP'l^l ht ® ha + h^ ® hi + x^';;'^ \\l ® h2 + 

[T] + iji^ t* (g) hi + t* ® h2 + Vd' ht (g) d + i/;^ ht ® r + ha ® d + V?" ® r+ 

|T] + t* (g) d + Vr t* ® r + Vf/ ht ® ii + Vz'!,' hi ® ia + V^I;" ha ® ii + Vf^' ha g) ia + 

Ul ®h+ ip\^ t* (g) ia + ^Aj''! hi (g j + 7/>j'2 h^ (g j+ 

|T| +Vjt*(gj. 

In order to characterize when a 2-cochain $ is of the form namely is a cobound- 
ary, applying the definition (l28T l. we at first compute the values of 9^ on each of 
the three antisymmetric 2-vectors t A hi, t A h2, hi A h2 which make up a natural 
basis for A^0_, and with intermediate details, we obtain: 

(a*)(t, hi) = [t, vi/(hi)] - [hi, vi/(t)] - *([t, hi]) 

= [t, ^,^1 1 + hi + ha + d + r + Vf/ ii + < i2 + j] - 

- [hi, t + hi + ?/>^2 ha + d + r + ii + V'*2 '2 + V"] j] - 

-m 

= 2^;;it + Vf/hi+V'f/ha + ^;^d- 

- 4V'h2 1 - Vd hi - Vr ha - 6^*j r - 2?/;*2 d - Vj ii 

= (2V^ - 40 t + (V'f; - Vd) hi + Wf/ - V'*) ha + (^/-^ - 2^*J d+ 
+ (-6i/'*J''+(-^])ii+0i2+0j, 

(a*)(t, ha) = [t, vl/(ha)] - [ha, *(t)] - *([t, ha]) 

= [t, t + hi + V'^,^ ha + d + ^'^^ r + ^f^^ ii + T^':- ia + j] - 

- [ha, Tpl t + V'hi hi + Vh2 h2 + V'd d + r + Vii ii + V'ia '2 + j] " 

-m 

= 2^^^ t + Vf/ hi + ha + d+ 

+ 4^1^! t - ?/)d ha + V'r hi + 2^)*! d - Qipl^ r - t/j^ ia 
= (2,/.^^ + 4V';., ) t + i^':^ + V' ) hi + - V-d) ha + {^"^^ + 2^^*, ) d+ 

+ (-6V'Ur + 0ii + (-^/'j)ia+0j, 

(9*)(hi, ha) = [hi, *(ha)] - [ha, *(hi)] - *([hi, ha]) 

= [hi, t + hi + <^ ha + Vd^ d + r + ii + ia + ^pf- j] - 

- [ha, V'^ t + hi + ha + Vd^ d + r + ii + < i2 + j] " 

- 47/.J t - 4^^^! hi - 41/^^2 h2 - 4V'd d - 4V'' r - 4V'-i ii - 4V'-2 h - H]] 
= 4V';:^' t + Vd' hi + Vr' ha + 6V'f/ r + 2^/',';= d + 7/'^''= ii + 

+ 4,/.^; t - ha + hi + 24^1^ 6 - evf,^ r - i2- 

- 4Vt' t - 4Vh, hi - 4V'ft2 h2 - 4Vd d - 4V'* r - 4V,\ ii - 4V*2 h - 4V ■ j 

= (4^^= + 4V';:,^ - Hi) t + (^d^ + - 4V';.j hi + - Vd^ - 4V';;2) h2+ 

+ (2Vl;^ + 2Vf/ - 4V'^) d + (6V;;^ - eV^f,^ - 4V'*) r + (V',"^ - 4V'*, ) ii + 
+ (-V^^i -4VUi2 + (-4V'j)j. 
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As a result, a 2-cochain <I> of the general form written above equals the coboundary 
9^' of a 1-cochain if and only if there exist 24 quantities tp] such that ^'s three 
families of eight coefficients (j)^^'^, (j)^^^, cj)^^^'^ are equal, respectively, to the three 
collections of eight coefficients just found: 



□ 




= 2V^ - 


-4< 





4'' 









= HhI+Hh\-h\ 














<^ 


= <^ + ^* 












A* hi 




ill 







= ihl - i>\ 







= - 7/.,^! + Aii^ 









Hi 







= + Hi 







= 2^':- + 2^f/ - 
















= -Hi 







= Hll - Hi' - Hr 







= 









= 





(Pit' 


= - Hi 







= 









= -'/'j 














= 









= 







= -4^^ 



5.4. Graded computation of i/^(g_,g). Now, the map ^ iH- =: $ so 

obtained explicitly is visibly linear i — > {(j)'-' ), and furthermore, because 
5^' € and because cochains naturally split in homogeneous components, this 
map happens to be a direct sum of six linear maps: 

^[0] ~^ -^[0]' ^[1] ~^ -^[1]' ^^[2] ~^ -^[2]' ^[3] ^ -^[3]' ^^[4] ^ -^[4]' ^[5] ^ "^[5]' 

the last one being just {0} {0}, that is to say a direct sum of the following five 
explicit nonzero linear maps: 

9[0] : {i>l , ^ll , <l , ^ll) ^ {Hll + Hl\ - H\) 

: {^i,. V'L , V'^ , V'^ , V-^ , ^> ) ^ {Hd' - HU . Hd' + Hi, , + ^> -Hi,. 

V^?^ -^,"1 +40 

d\2]- {i)d,i^i,i'l\ i^l' , -^l' , -^l' ) I — >{i'l' -i^d, i'l' - ip'r , i^l^ +i'i,i'i,2 -i'i, 

24,1^ + 2i,\i - 44,1 Hi' - Hi' - Hr) 

= iK' ' ' C ' C ' '^^'^ ' -^^'^ ) 
9(3] : (V"*! , "0*2 'i'l'y i'l' ) ' — > {i>j' - Hi , -Hi > i>j' + Hi , -Hi , -^j' - Hi , 

-4^^' -Hi) 

%] : (^j) ' — ( - ^j. 0, 0, -I/)*, -H]) 

One checks easily that the images of 9[2], (?[3], 5[4] satisfy the equations of ^2]' 
, found above. Now, it is easy to view the dimensions of the homogeneous 
components of the second cohomology space: 



^'(0-,0) = 0^|](0-,0) with i?[l](0_,0): = 



■^fa](0-.0) 
■^[/,l(0-,0)' 
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Remind that ~ R\ J^^^ ~ M^, ~ ^| ~ M^ J^^^ ~ R^. Clearly, 
5[o] : ^ ~ M is onto, whence Hf^^ = {0}. Similarly, one easily convinces 
oneself with almost no computations that d^i] is of rank 4, that d[2] is of rank 5, 
that (9[3] is of rank 4 and that 9[5] is of rank 1. It follows that H^^ = {0}, that 
Hi = {0}, that = {0}, the only nonzero cohomology space being H^^-^ ~ 
which is 2-dimensional. Finally, one also sees that ff^(0_, g) = H^^-^ is generated 
by the following two independent 2-cochains: 

t* A h2 (gi i2 - 2hi A h2 
and: t* A ha ii - t* A h* (g) \2. 

In conclusion, let us summarize the results obtained by means of a dimensional 
table obtained in fl4l that we recover here: 



Homogeneity 


dim ^2 


dim 


dim ^2 


dim i?^ 





1 


1 


1 





1 


4 


4 


4 





2 


6 


5 


5 





3 


6 


4 


4 





4 


5 


3 


1 


2 


5 


2 












5.5. Codifferential. When the Lie algebra g is semi-simple, there exists another, 
degree-decreasing linear operator on the space of cochains : 

a*^: <^'=+i(g_,g) ^^^'(g^g), 

called the codifferential operator, which is defined as follows. For a Lie algebra 
g defined over a commutative field K, recall that ad: g — > Endgg denotes the 
adjoint action of g on its space of endomoiphisms: 

(ad(x))(y) := [x,y]g (x.yeg). 

Recall also ( fT\\ ) that the Killing form i? : g x g — > K is defined as being the 
symmetric bilinear fomi: 

5(x,y) :=Tr(ad(x)oad(y))), 

and that its nondegeneracy is equivalent to the semi-simplicity of g. Furthermore 
(HI), if g = g_^ © • • • © g^ is a graded semi-simple Lie algebra, then B induces an 
isomorphism g* = g_j of go-modules for i = 1, . . . , /i. If we denote gi © • • • © g^ 
by g+, then each space '^'^(g-,g) = 'S) g can be identified with the dual 

space of the space A^q*^ g — 'i^''^(g+, g). In particular, the negative of the dual 
map of : 'i^''^(g+, g) — > '^'^"''^(g+, g) can be viewed as a linear map which 
is exactly the codifferential operator d*^ : '^^'^^[q-, g) — > ^^[q-, g). From 
this definition, it immediately follows that Q*^^"^) o d*'' = 0, whence one has a 
second cochain complex: 

a-tn a«{n-l) Q*(n-2) Q»2 Q»l Q»0 
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Lastly ( |[36l ). for any k + 1 elements zi, . . . , of g_ and for any {k + l)-cochain 
^ G ^'^"''^(g_, 0), the expression of d*''"^ realizes as follows: 

n 

(a*'^*)(zi,...,Zfc) :..^[v*,vl/(v„zi,...,z,)]^ + 

^ n k 

+ 2EE(-1)'^'*(p^%-([<'^^]b)' v„zi,...,z„...,z,), 

where vi, . . . , v„ are independent basis elements of where v* (i = 1, . . . , n) 
is the dual of Vj with respect to the Killing form, where projg ( [v*, Zj]^) denotes 

the g_ -component of [v*, Zj]^ with respect to the decomposition g = §_ © p, and 
where p := go ©g+. 

6. Initial Frame on a Strongly Pseudoconvex c 

6. 1. Explicit CR structure. Let M be a real -smooth hypersurface of C^, rep- 
resented by: 

V = ip{x,y,u) 

in coordinates {z,w) = {x + iy,u + iv). After a linear straightening, we may 
assume G M and TqM = {Imw = 0}, so that (^(0) = (/^^.(O) = 93^(0) = 
<^«(0) = 0. A (0, 1) vector field of the form: 

oz cfw 

is tangent to M if and only if its coefficient A satisfies: 
or equivalently: 

2 Lfz 

A = — — . 

i - fu 

Consequently the vector field: 

:c^_^ d i d / 2^^ \/id i d\ 

2 dx 2 dy \i- ipu) \2 du 2 dv) 

generates T°'^M in a neighborhood of the origin, since T^'^Af is obviously of rank 
dimC^ - CRdimM = _2 -1 = 1. 

We notice that this ^ is written here extrinsically, namely it involves the extra 
coordinate v and it lives in a neighborhood of M, in C^, while M itself, which is 
three-dimensional, is naturally equipped with the three real coordinates {x,y,u). 
Since we want two intrinsic sections of: 

T'^M = Re (r°'^M), 

we need at first to puUback this ^ to M, which simply means dropping the basic 
vector field ^ and replacing v hy Lp{x,y,u) in the coefficient functions (in fact 
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here, no v appears), and we get the following section: 



'A-^ 2 dx 2 dy \i-ipuj\2du^ 

which generates T^'^M, intrinsically (see also the basic first chapters of lISHTllIOl). 

So it remains only to decompose |^ in real and imaginary parts, and at first, 
we do this for the coefficient: 

i-ifu l + V^n ^ + 

Hence we can provide an explicit representation of two independent real vec- 
tor fields that are generators for T^M near the origin, namely 2 Re and 
2 Im ^) , multiplying by a factor 2 to simplify a bit. 

Lemma 6.1. For any local '^^ -smooth real hypersurface o/C^ which is rep- 
resented as a graph: 

V = ip{x,y,u) 

in coordinates {z, w) = {x + iy, u + iv), the complex tangent bundle T'^M = 
KeT^'^M is generated by the two explicit vector fields: 

-Hi := — I- ' — 



dx \ 1 + ^"i ) 9u 

J^2 ■= t; r 



In fact, as one easily verifies, one does not need that ip{0) = ipx{0) = V^y(O) = 
Vu{^) = for the lemma to hold true (but we will always assume that such an 
affine normalization is done in advance, since it is free). 

Some further notation will be useful. If we set: 

A:=l + ipl, Ai := Lfy - Lfxifu, A2 := - ifx - fy fu, 

our two intrinsic T'^M-tangent vector fields become: 

u d Ai d d A2 d 

Hi = - — I — and -"2 = 7^ — I t^- 

ox A du ay A ou 

6.2. Levi nondegeneracy assumption. Now, we assume that M is Levi nonde- 
generate at the origin, so that second order terms can be assumed to be normalized 
as: 

V = (p{x, y, ti) = + + 0(3). 

We may therefore compute the bracket [Hi, using these notations, and realize 
that two terms underlined cancel: 

[Hi,H2]= ^ + (^)^' ^ + (^)^ 
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SO that the common denominator is not equal to as one would have expected, 
but is equal to A^. Expanding the partial derivatives and simplifying either by hand 
or with a computer ((2]), we therefore get: 



[Hi, H2 



dx l+ip^ du ' 



dy 



du 



1+vl 



2 2 1 A ^ 

+ 2(fyipu fyu + 2(Pxfu fxu ~ fu fxx ~ '■Pu Vyy J J 



Equivalently, as we want for later use to specify the numerator, if we set: 

:= -^xx - ^yy -'2(Py (fxu - ^uu + Vx Vyu - ^uu + 

2 2 

+ 2ipyipu ifyu + 2 (^x V'u ^xu — y^u ^xx - "^u '^VVi 



we can write shortly: 



A2 du' 

Now, thanks to the Levi-nondegeneracy assumption and because of the normaliza- 
tions = ip{0) = (px{0) = (Py{0) = ^u{0), we have T(0) = —4 (notice the minus 
sign), that is to say: 



(9nl0' 



So, if we introduce the vector field (we choose a plus sign in the factor 4): 



T — - — — 
■~ 4 A2 9^' 



we may rewrite: 



[Hi, H2 



AT 



6.3. Length-three brackets. At the next step, we must compute the two brack- 
ets 4 [Hi , T] and 4 [H2 , T] , for instance the first one, in which we see how the 
denominator grows and of which we extract the numerator: 



9 'Y' Ax I Ai Tu 



9 Ai A„ T M,u I T A A„\ ^ 
^A-J^A^~A^ — + A^^^lA^j^ 



A2[T^] +A[-2TA^ + AiT„-TAi,„] -AiTA„ \ d 

A^ J du 

Exchanging Hi with H2, which means replacing Ai by A2 and ^ by we get 
similarly and without any computation: 

' A'^[Ty] +A[-2TA., + A2T„-TA2,n] -A2TA, \ 8 

A4 J du' 

Let us therefore introduce two new summarizing names: 

Ai := A2[T,] +A[-2TA, + AiT„-TAi,J -AiTA„, 
A2 := a2[Tj,] + A[-2TAj, + A2T„-TA2,„] - A2TA„, 



4 [Hi, T] 



6. Initial Frame on a Strongly Pseudoconvex A/^ c 



41 



for the two appearing numerators. Now, for later use, we want to re-express these 
two brackets [Hi , T] and [H2 , T] in terms of the third field T transverse to T'^M, 
and for this, it suffices to simply replace the basic field: 

d 4A2 

— = T 

du T 

so that doing this just yields expressions of the two supplementary brackets 

L J 4 A" T A2 T 

However, these two numerators Ai and A2 aie not yet expanded as explicit poly- 
nomials in the third-order jet J^yu^ '^he graphing function ip{x,y,u) for M. 
This can be done either by hand or using a computer (IJj), hence we directly sum- 
marize the fundamental result fully describing a useful initial frame for TM which 
is naturally produced by T'^M. 

Proposition 6.2. If is an arbitrary local ^^-smooth Levi nondegenerate real 
hypersurface of represented in coordinates {z, w) = {x + iy, u + iv) as a 
graph: 

V = (p{x, y, u) = x"^ + y'^ + 0(3), 

and whose complex tangent bundle T'^M is generated by the two explicit vector 
fields: 

Hi:=l+{^-^)l and := | + (^^^f^) I,, 

satisfying Hi\q = ^'^'^ -f^2|o = ^lo' ^'^^'^ ^'^^ third, bracketed vector field: 
T:=l[Hi,H2] 

= (i {i+lly^ { ~ ~ ^yy ~'^'Py - fuu + '^fx fyu - V^l Vuu+ 



d 



satisfying T\q = produces, jointly with Hi and H2 of which it is locally lin- 

early independent, a frame for TM in a neighborhood of the origin. Furthermore, 
the remaining Lie bracket structure of this frame: 



[Hi,T] = $1 T and [H2,T] = $2 T 



involves two further rational functions: 
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having common denominator equal to T and whose two numerators Ai and 
A2, depending both upon the third-order jet J^^y^uV, read explicitly as follows: 

^1 — ^xxx ^xyy ~t~ 2 (px ^xyu 3 iPy ^xxu ^y ^yyu 3 iPy Pxuu~\~ 

+ 2ipx'4>y ipyuu — 'Px 'Pxuu — fx 'fiy 'fiuuu — fy 'fiuuu — 2 'fx fy fxu fuu — 

— 3 fxfxx fuu + fy fuu fyu — 2 Ifiuu fxy + ft fyu fuu — 

2 2 3 2 

— fx fyy fuu — fx fy fuu + 4:fy fx - fx fuu + fyu fyy + 

+ 3 fxx fyu — 2 fxu fxy + 2 fx flu ~ fx flu + 

+ fu (3 fx fxxu + 2 fy fxyu + fx V'yyu +4:fx fy fxuu + 2 fy fyuu — 

2 2 2 2 2 2 

— 2fx fyuu + fx fy fuUU + fx fuUU + ^f^ f fy + ^ fuU fxU fx — 

— ifx fxu fyu + 7 fy fxu fuu + fyy fxu + "2 f^ f\^ + 3 fxx fxu + 
+ ?>fy fxu + 2 fxy fyu — 2 fx fy fyu fuu^ + 

+ fZi^ — 3 fxxx — 3 fxyy — 6 fy fxxu — 2 fy fyyu + 4. fx fxyu — ^ fy fxuu — 

— 4fi fxuu — fy fuuu — fy fx fuuu —2 fx fuu fyy + T ft fyu fuu — 

— 6fx fuu fxx — 4:fy fuu fxy — 3 fy fuu f X — 3 f^ f uu fyu — 4 fxu fxy — 

— 3f^x ftu + 6 fxx fyu —'ifx flu —'ifx fxu + 2 fyu fyy — 10 fx fy fxu fuu^ + 

+ fl_ ^6 fx fxxu + 4-fy fxyu + 2 fx fyyu + 4:fx fy fxuu — 2 f^. fyuu + 2fy fyuu + 
+ fl fuuu + fx fy fuuu + 3fy fxu f UU " 8 f xu fyu fx+9 fuu fxu fx + 
+ 4 fxy fyu + 8fy f'iy + 2 fyy fxu H" 6 fxx fxu + 6fx fy fyu fuu^ + 

fu ^ 3 fxxx 3 fxyy H~ 2 fx fxyu fy fyyu 3 fy fxxu 3 f^ fxuuu 

— 2fx fy fyuu — fy fxuu — 3 fx fuu fxx — fx fuu fyy -dfx fxu — 

— 2 fx flu -"^fy fuu fxy — 4:fy fxu fyu — 2 fxu fxy + 3 fxx fyu + fyu fyy^ + 

+ f^u i^fx fyyu + 2 fy fxyu + 3 fx fxxu + fyy fxu + 3 fxx fxu + 2 fxy fyu^ + 
+ ft(^ - fxxx - fxyy^ ■ 

while A2 is obtained from Ai by just exchanging x and y. 

6.4. Abstract shape of the initial frame on c C^. From now on, we 
shall restart from the beginning by assuming that we are given an initial frame 
{Hi, H2, T) for TM made of certain two linearly independent vector fields which 
generate T'^M locally: 

Hi G r(r^M) and H2 G r(r^M), 

together with their bracket: 

T ■.= \[Hi,H2]^T{TM) 
enjoying the following commutator relations: 

[Hi, T] = $1 T and [H2,T\ = $2 T, 
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were we now consider the two '^'^ functions <I>i : A/ ^ R and <I>2 : -^^ — IK as 
basic data, without it to be necessary to know that they both depend explicitly on 
some local graphing function Lp for M, as was stated by the preceding proposition. 
In the subsequent section, we shall construct a Cartan connection just in terms of 
$1 and $2> not trying to express the newly constructed functions and curvatures 
explicitly in terms of the graphing function ip, for the sizes of such expressions 
might explode dramatically. Only at the very end, after all the computations in 
terms of just $1 and $2 are finalized, will we give it to a computer to expand the 
gained curvatures in terms of the sixth-order jet ^ ^93. 

At least at the moment, it is useful two explore in advance what relations come 
out when one takes iterated brackets: 

[i/., {H,, [i/fe, T]]] = i {H,, {Hk. [i^i,i?2]]]] 

[i/fc, [Hi, T]]]] = i [iJ,, [iJfc, {Bu [^i,i?2]]]]] 

up to length ^ 6, where i,j,k,l = 1,2. A first observation is as follows, but a 
more systematic exploration of higher order relations will be achieved in the next 
section. 

Lemma 6.3. The two functions Hi(^2) <^nd i?2(^i) <^^^ equal. 
Proof. By what has been seen at the moment, we have by definition: 

[Fi,r] = $ir, [H2,T] = <i>2T, 

whence, by bracketing the second (resp. first) equation with [Hi, •] (resp. [H2, •]): 

[Hi,[H2,T]] = [Hi,^2T] =Hi{^2)T + ^2^iT, 

[H2, [HuT]] = [H2, $1 T] = ^2(^1) T + $i«>2 T. 

On the other hand, the Jacobi identity enables us to realize that these two iterated 
brackets of length 3 are in fact equal: 

[Hi, [H2,T]] - [H2, [Hi,T]] = -[T, [Hi,H2]] = [T, 4T] = 0, 

so that we deduce at once: 

Fl($2) = ^2(^1), 

as was claimed. □ 

7. Free Lie Algebras of Rank Two 
AND Relations Between Brackets of Length ^ 6 

7.L Free Lie algebras of rank two. To reach higher order relations, one must 
at first count the maximal number of iterated Lie brackets between Hi and H2 
which are linearly independent modulo skew-symmetry and Jacobi identity, just 
abstractly, without using [Hi, T] = $j T. For this, one calls to the concept of free 
Lie algebra of rank 2, cf. the reference 021 . pp. 9-11 of which we borrow the 
notations. 
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Let hi,h2 be two linearly independent elements of a certain vector space over 
R. The free Lie algebra ^ of rank 2 is the smallest (non-commutative, non- 
associative) M-algebra having /ii, /12 as elements, with bilinear multiplication: 

(/i, Ii) 1 — > [/i, U\ e ^ (h, h' 6 J?) 

satisfying skew-symmetry: 

= [h, h'] + [h', h] {h,h'e^) 
and a general Jacobi-like identity: 

= [h, [h', h"]] + [h", [h, h']] + [h', [h", h]] ih,h'h"e.^). 

Such an algebra ^ is unique up to isomorphism. Thus, the multiplication in 
plays the role of the concrete Lie bracket between vector fields. But importantly, 
no linear relation exists between iterated multiplications, i.e. between iterated Lie 
brackets, except those generated just by antisymmetry and by Jacobi identity: this 
is freeness of the algebra. 

Since the bracket multiplication is not associative, one must carefully write 
down the occurring brackets, for instance: 

[[hi, /12], /i2], [hi, [h2, [hi, h2]\, [[hi,h2\, [hi, [hi, /12]]]. 

Writing all such words only with the alphabet {hi, /12}, we define the length of a 
word h to be the number of elements h-i^ in it, = 1, 2. For ^ € N with 1^1, let 
denote the set of words of length equal to I and let W = U£>i be the set 
of all words. 

Define ^i to be the M- vector space generated by hi , ^2 and for 1^2, define 
to be the M-vector space generated by all words of length ^ I. In this way, ^ = 
V}i>i naturally becomes a graded Lie algebra, because by applying inductively 
the Jacobi identity, one may rather easily establish by induction that (but see also 
explicit examples below): 

Again by an induction based on the Jacobi identity, it also follows that J^f, is gen- 
erated, as an M-vector space, by only those words that of the form: 

[hn, [hi^, [... [hi^,_^, hi^,] ...]], 

and which are called simple, where £' ^ £ and where 1 ^ ii, Z2, • • • , i£/-i,i£' ^ 2. 
For instance, the non-simple word [[hi, /12], [hi, [hi, ^2]]] may be written as a 
certain linear combination of simple words of this kind having length 5, as we will 
see quite explicitly in a while. Let us denote by: 

= [j 

the set of all the simple words, where S^W^ denotes the set of simple words of 
length i. Thus, a rough induction argument based on Jacobi shows that yW 
generates ^ as a vector space over M, but there are further linear dependence 
relations between simple words, as is known and as will be visible in examples. 
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7.2. All relations up to length 5. Thus, we are interested in words, namely in 
abstract-free Lie brackets, just up to length 6, and this, unexpectedly, will happen to 
already be a bit not straightforward. According to a known theorem (see e.g. 021 . 
p. 11), the dimensions n£ — n^^i of ^ij satisfy the induction relations: 

n£-n£_i = | ^ Kd)2d, 

d divides I 

where ^ is the Mobius function: 

' 1, if (f = 1; 
^(d) = < 0, if d contains square integer factors ; 

(—1)'', if (i = pi • • • is the product of v distinct prime numbers. 
Thus, a direct application of this general formula yields: 

712 -"1 = 5 (m(1) 2t + m(2) 2i) = i (22 - 2) = 1, 

"3 - "2 = i (/i(l) 2T + ^i(3) 2i) = i (8 - 2) = 2, 

"4 - "3 = i 2T + Ai(2) 2^ + //(4) 2^) = i (16 - 4 + 0) = 3, 

ri5 - "4 = i (/i(l) 2T + ^1(5) 2t) = i (32 - 2) = 6, 

ng - ns = i (/i(l) 2T + ^(2) 2^ + ^(3) 2^ + ^(6) 2^) = i (64 - 8 - 4 + 2) = 9. 

Now, in length ^ = 2 it is clear that there is, up to skew-symmetry, only one simple 
word: 

[hi, /i2], 

confirming n2 — rei = 1 while rei = 2 of course, because hi and /12 are two 
independent simple words of length 1. 

Next, in length £ = 3, it is again clear that up to skew-symmetiy, there are only 
two simple words: 

[hi, [hi, /12]] and [/i2, [hi, /i2]], 

while no word is not simple. 

It is only in length £ = 4 that nontrivial relations come out. Indeed, again up to 
the skew-symmetry inside the 'core' [hi, /12], there are a priori 4 distinct simple 
words generating namely: 

[ftl, [ftl, [ftl, /l2]]], [ftl, [^2, [/ll, /12]]], [/»2, [ftl, [/ll, /I2]]], [/l2, [/l2, [/ll, /12]]], 

but an obvious Jacobi identity provides one Unear relation between simple wordfl 

= {hi, \h2, [hi, /i2]]] + [[/ll, /i2], {hi, /i2]] + [[/ll, /12], [/ll, /12]], 



^ For arbitrary words h, h! , h" of length ^ 1, our convention for writing out any Jacobi identity 
under either one or the other form: 

= [h, [h', h"]] + [h", [h, h']] + [h', [h", h]] 

= [[h, h'l h"] + [[h", h], h'] + [[h', h"], h] 

consists in subjecting the terms to a circular permutation, the last term being brought back to the first 
position while other terms are simultaneously shifted (pushed) from left to right. 
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where the central term trivially vanishes, and this is coherent with — = 3. 
Furthermore, one easily convinces oneself that, up to skew-symmetry, the Jacobi 
identity cannot produce any other nontrivial relation, for instance: 

= [hi, [hi, [hi, h2]]] + [[hi, h2], [hi, hi] j + [hi, [[hi, h2], hi,]], 

is a trivial relation, it gives nothing. In fact, one realizes that all brackets between 
two words of length i = 2 vanish. As a basis for yW^, let us therefore choose the 
three simple words: 

[hi, [hi, [hi, h2]]], [hi, [h2, [hi, /i2]]], [/i2, [h2, [h, /i2]]], 

remembering that the fourth simple word is simply given by: 

(29) [h2, [hi, [hi, h2]]] = [hi, [h2, [hi, h2]]]. 

Next, in length £ = 5, applying [hi,-], i = 1, 2, to these three simple words, we 
deduce that is generated by the following six simple words: 

[hi, [hi, [hi, [hi,h2]]]], [hi, [hi, [/is, [ft-i, /is]]]] , [^.i, [/i2, [^-2, [/ii, /12]]]] , 

[/i2, [hi, [hi, [hi,h2]]]], [/i2, [hi, [/i2, [/ii,/i2]]]], [ft-2, [h2, [/12, [/ll,/l2]]]]. 

Are there other Unear dependence relations between these six simple words? Cer- 
tainly not, because of 77,5 — 77,4 = 6; alternatively, one could also realize this by 
trying to apply Jacobi to all possible triples of words, the sum-length of which 
equals 5. In addition, it is also important, for later use, to explicitly represent all 
length-5 multiple iterated brackets as specific linear combinations between simple 
brackets. For instance, there are exactly two brackets between two basic words of 
lengths 2 and 3, and the Jacobi identity give^: 

0= [\hl, hi], [hi,[hi,h2]] ] + [[[hi, [hi, h2]], hi], hi] + [[/l2, [hi, [hi, hi]]], hi], 
0= [[hg, hi], [h2,[hi,h2]] ] + [[[hi, [hi, h2]], hi], hi] + [[h2, [h2,[hi,hi]]], hi]. 

Here, in each one of the two lines, the last two words happen, thanks to skew- 
symmetry, to all be simple, whence (using (1291 ) for the last term of the first line): 

[[hi, hi], [hi, [hi, hi]]] = - [hi, [hi, [hi, [hi, hi]]]] + [hi, [hi, [hi, [hi, hi]]]], 
^^'^^ [[hi, hi], [hi, [hi, hi]]] =-[hi, [hi, [hi, [hi, hi]]]] + [hi, [hi, [hi, [hi, hi]]]]. 

7.3. All relations in length 6. In the next length £ = 6, more complexity occurs. 
By applying [hi, ■], i = 1,2, to the above six linearly independent simple words of 
length 5, we at first get the following twelve simple words: 

[hi, [hi, [hi, [hi, [hi, hi]]]]], [hi, [hi, [hi, [hi,[hi,hi]]]]], [hi, [hi, [hi, [hi, [hi, hi]]]]], 
[hi, [hi, [hi, [hi, [hi, hi]]]]], [hi, [hi, [hi, [hi, [hi, hi]]]]], [hi, [hi, [hi, [hi, [hi, hi]]]]], 
[hi, [hi, [hi, [hi, [hi, hi]]]]], [hi, [hi, [hi, [hi, [hi, hi]]]]], [hi, [hi, [hi, [hi, [hi, hi]]]]], 
[hi, [hi, [hi, [hi, [hi, hi]]]]], [hi, [hi, [hi, [hi, [hi, hi]]]]], [hi, [hi, [hi, [hi, [hi, hi]]]]]. 

However, according to the dimensional count made above, uq — = 9, so there 
must exist three independent linear relations between these twelve simple words. 

We begin by exploring Lie brackets between two words of length 3. Such words 
ai^e automatically simple. Since there aie only two words of length 3, only one 



For clarity, we underline the three terms that are subjected to a circular permutation. 
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bracket exists, and the Jacobi identity can give only two different relations. The 
first relation is: 

0= [ [hl,[hl,h2]] , \h2, [huhj] ]] + [[hi, hi], [[hi,[hi,h2]],h2]] + [h2, [[hi,h2], [hi,[hi,h2]]]] 
= [[hi,[hi,h2]],[h2,[hi,h2]]] - [[hi,h2], [h2, [hi,[hi,h2]]]] + [h2, [[hi, hi], [hi , [hi , h2]]]] 
= [[hi,[hi,h2]],[h2,[hi,h2]]] - [[hi,h2], [hi, [h2,[hi,h2]]]] - [h2, [/l2, [hi, [/li , [hi , ha]] ] ] ] + 

+ [h2, [hi, [hi, [h2,[hi,h2]]]]]. 



where we leave untouched the first term, where we apply (129) to nomialize the 
second term, and where the third term expresses as a linear combination of two 
simple words thanks to the first relation (|30] l. The second relation, just with a 
different underlining for applying Jacobi, is: 

0= [[/n, [hi,h2] ], [h2,[hi,h2]] ] + [[[h2,[hi,h2]],hi],[hi,h2]] + [[[hi,h2], [h2 , [hi , hi]]] , hi] 
= [[hi,[hi,h2]],[h2,[hi,h2]]] + [[hi,h2], [hi, [h2,[hi,h2]]]] - [hi, [[hi, hi], [hi, [hi, hi]]]] 
= [[hi, [hi, hi]], [hi, [hi, hi]]] + [[hi, hi], [hi, [hi, [hi, hi]]]] + [hi, [hi, [hi, [hi, [hi, hi]]]]] - 

- [hi, [hi, [hi, [hi, [hi, hi]]]]]. 

Next, there are exactly six Jacobi identities for Lie brackets between two words 
having lengths 2 and 4. The first pair is: 



0= [ [hi, hi] , [hi, [hi, [hi, hi]] 



= [[hi, hi], [hi, [hi, [hi, hi]] 
= [[hi, hi], [hi, [hi, [hi, hi]] 

0= [[hi, hi}, [hi, [hi, [hi, hi]] 



= [[hi, hi], [hi, [hi, [hi, hi]] 

The second pair is: 

0= [ [hi, hi] , [hi, [hi, [hi, hi]] 



= [[hi, hi], [hi, [hi, [hi, hi]] 
= [[hi, hi], [hi, [hi, [hi, hi]] 

0= [[hi, hi], [hi, [hi, [hi, hi]] 



= [[hi, hi], [hi, [hi, [hi, hi]] 

The third pair is: 

= [ [hi, hi] , [hi, [hi, [hi, hi]] 



+ [[hi,[hi,hi]],[[hi,h2],hi]] ^ + [hi, [[hi, [hi, hi]], [hi, hi]]] 
- [hi, [[hi, hi], [hi, [hi, hi]]]] 

+ [hi, [hi, [hi, [hi, [hi, hi]]]]] - [hi, [hi, [hi, [/i2, [hi, ha]]]]]; 

+ [[[hi, [hi, [hi, ha]]], hi], ha] + [[ha, [hi, [hi, [hi, ha]]]], hi] 
+ [ha, [hi, [hi, [hi, [hi, ha]]]]] - [hi, [ha, [hi, [hi, [hi, ha]]]]]. 

+ [[hi, [hi, hi]], [[hi, hi], hi]] + [hi, [[ha, [hi, ha]], [hi, ha]]] 
+ [[hi, [hi, ha]], [ha, [hi, ha]]] - [hi, [[hi, ha], [ha, [hi, ha]]]] 
+ [[hi, [hi, hi]], [hi, [hi, hi]]] + [hi, [ha, [hi, [ha, [hi, ha]]]]] - 
- [hi, [hi, [ha, [ha, [hi, ha]]]]]; 



[[[hi, [ha, [hi, ha]]], hi], ha] 
[ha, [hi, [hi, [ha, [hi, ha]]]]] 



[[ha, [hi, [ha, [hi, ha]]]], hi] 
[hi, [ha, [hi, [ha, [hi, ha]]]]]. 



[[ha, [hi, ha]], [[hi, ha], ha]] ^ + [ha, [[ha, [hi, ha]] , [hi, ha]]] 
[ha, [[hi, ha], [ha, [hi, ha]]]] 

[hi, [hi, [hi, [ha, [hi, ha]]]]] - [ha, [hi, [ha, [ha, [hi, ha]]]]] ; 



= [[hi, ha], [ha, [ha, [hi, ha]] 
= [[hi, hi], [hi, [ha, [hi, ha]] 

0= [[hi.M. [hi, [ha, [hi, ha]]] ] + [[[ha, [ha, [hi, ha]]], hi], ha] + [[ha, [ha, [ha, [hi, ha]]]] , hi] 
= [[hi, hi], [hi, [hi, [hi, hi]]]] + [ha, [hi, [ha, [ha, [hi, ha]]]]] - [hi, [ha, [ha, [ha, [hi, ha]]]]] . 

We thus have got eight relations involving simple words: the single bracket be- 
tween two words of length 3 and the six brackets between a word of length 2 and a 
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word of length 4. We number these eight equations and, for easier readability, we 
underbrace the four non-simple words t, u, v, w: 

0= [[hl,[/ll,h2]], [/12,[/11,/12]]] - [[hl,h2], [hi, [h2,[hi,h2]]]] -[h2, [/l2, [hi, [hi , [hi , ^2]] ] ] ] + 

^ « ' V ' 

t V 

+ [h2, [hi, [hi, [h2,[hl,h2]]]]] 
0= [[hi,[hl,h2]], [h2,[hi,h2]]] + [[hi,h2], [hi, [h2,[hi,h2]]]] +[hi, [h2, [hi, [h2 , [hi , h2]] ] ] ] - 

" . ' V ' 

t V 

- [hi, [hi, [h2, [h2,[hi,h2]]]]], 

0= [[hi,h2], [hi, [hi, [hi, ha]]]] +[hi, [h2, [hi, [hi,[hi,h2]]]]] - [hi, [hi, [hi, [h2,[hi,h2]]]]], 
' . ' 

U 

0= [[hi,h2], [hi, [hi,[hi,h2]]]] +[h2, [hi, [hi, [hi,[hi,h2]]]]] - [hi, [h2, [hi, [hi,[hi,h2]]]]], 

^ V ' 

u 

0= [[hl,h2], [hi, [h2,[hi,h2]]]] + [[hi,[hl,h2]], [h2,[hi,h2]]] +[hl, [h2, [hi, [h2, [hi, h2]]]]] - 

. ' . ' 

V t 

- [hi, [hi, [h2, [h2,[hi,h2]]]]], 

0= [[hi,h2], [hi, [h2,[hi,h2]]]] +[h2, [hi, [hi, [h2,[hi,h2]]]]] - [hi, [h2, [hi, [h2, [hi, h2]]]]] . 
> , ' 

V 

0= [[hi,h2], [h2, [h2,[hi,h2]]]] +[h2, [h2, [hi, [h2,[hi,h2]]]]] - [h2, [hi, [h2, [h2, [hi, h2]]]]] , 

w 

0= [[hi,h2], [h2, [h2,[hi,h2]]]] +[h2, [hi, [h2, [h2,[hi,h2]]]]] - [hi, [h2, [h2, [h2 , [hi , h2]]] ] ] . 
w 

Visibly, the fifth equation coincides with the second one. There remain seven equa- 
tions. Since four non-simple words are involved, one may expect to see here the 
three linearly independent relations between simple words that we are looking for. 
Firstly, subtracting the third equation to the fourth, we get a first relation of this 
kind: 

0= [hi, [hi, [hi, [h2,[hl,h2]]]]] -2 X [hi, [h2, [hi, [hi,[hl,h2]]]]] + 
+ [h2, [hi, [hi, [hi,[hi,h2]]]]]. 

Secondly, subtracting the eighth equation to the seventh, we get a second, visibly 
independent relation: 

0= [h2, [ha, [hi, [h2,[hi,h2]]]]] - 2X [h2, [hi, [h2, [h2,[hi,ha]]]]] + 

+ [hi, [ha, [ha, [ha, [hi, ha]]]]]. 

Thirdly and lastly, adding the sixth equation multiplied by 2 to the first one and 
subtracting the second one, we get a third independent relation between simple 
words: 

0= [hi, [hi, [ha, [h2, [hi, ha]]]]] - 3x [hi, [ha, [hi, [ha, [hi, h2]]]]] + 
+ 3x [ha, [hi, [hi, [ha, [hi, ha]]]]] - [ha, [ha, [hi, [hi, [hi, ha]]]]] . 
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7.4. Iterated brackets of Hi and H2 on M. Now, we come back to our two 
vector fields Hi and H2 on M satisfying the two specific relations: 

[Hi, [Hi,H2]] = ^i[Hi,H2] and [H2, [^1,^/2]] = ^2[i^i,i^2], 

for certain two functions <I>i and $2 on M whose explicit expressions (not needed 
here), in terms of the third-order jet ^^p of the graphing function for M, have 
already been shown in Proposition 16.21 These two relations show well that Hi 
and H2 do not behave as the two abstract totally free elements hi and /12 consid- 
ered above. In fact, a straightforward induction argument shows that every iterated 
simple-word bracket: 

[Hi^,[Hi^,[- ■ ■ , •••]]] = ^'ii,i2,...,if_i,ij-ffi,-ff2] 

of arbitrary length £ ^ 2, where ii, . . . ,i£ = 1,2, must always be a multiple 
of [Hi, H2] by means of a certain function <I>j^,...,,;f which depends on $1 and 
^>2, but whose expUcit expression in terms of ^i and ^2 is not immediate. For 
i = 4,5, 6, we must now compute all these 'l>ii,...,i^ so that the abstract relations 
between iterated brackets of the free hi and /12 computed above provide us with 
interesting relations that will be useful later. 

At first, applying the basic formula [fX, gY] = fX{g)Y - gY{f)X + 
fg [X, Y], we have in length 1 = 4: 

[Hi, [Hi, [Hi, H2]]] = ffi($i) [Hi, H2] + $1 [Hi, [Hi, H2]] 

^ (i/i($i) + ($i)2) [Hi, H2], 
[Hi, [H2, [Hi, H2]]] = Hi ($2) [i^i, H2] + $2 [H2, [Hi, H2]] 

= (^fl($2) + 3'2$l) [Hi, H2], 

[H2, [Hi, [Hi, H2]]] = H2($i) [Hi, H2] + $1 [H2, [Hi, H2]] 

= (^f2($l) + 3'l$2) [Hi, H2], 

[H2, [H2, [Hi, H2]]] = H2{<i>2) [Hi, H2] + $2 [H2, [Hi, H2\] 

= (^f2($2) + (3'2)') [Hi, H2]. 

But the known relation [/12, [hi, [hi, /i2]]] = [^i, [^2> [^i, ^2]]] between free 
elements imposes here: 

H2{^l) + ^>1^2 = Hi{^2) + ^2^1-, 

a relation already seen in Lemma |63] 

Next, setting aside the consideration of [H2, [Hi, [Hi, ^^2]]]. we compute as 
follows the six simple iterated brackets of length 1 = 5 (we replace H2{^i) by 
Hi{^2) wherever it occurs): 

[Hi, [Hi, [Hi,[Hi,H2\\]] = (Hi(Hi($i)) + 2<I.iHi($i) + $iHi($i) + ($i)3)[Hi,H2] 
= (Hi(Hi($i)) + 3*iHi($i) + {^if)[Hr,H2l 
[Hi, [Hi, [H2, [Hi,H2]]]] = (Hi (Hi ($2)) + 'I'iHi(*2) + 'I'2Hi($i) + *iHi($2) + (*i)'*2)[Hi, 
= (Hi (Hi ($2)) + 2*iHi(<I.2) + <I'2Hi(*i) + (<I>i)2<I>2)[Hi,H2], 

[Hi, [H2, [H2,[Hi,H2]]]] = (Hi(H2(*2)) + 2*2Hi(<I.2)+<I'lH2(4'2) + *l(*2)')[Hi,H2], 
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[H2, [Hi, [Hi,[Hi,H2]\]] = (HiiHii'S'i)) + 2<S>iH2{^i) + ^2Hi{<S>i) + {<S>if<S>2)[Hi,H2] 

= (H2(Hi($i)) + 2'I>iHi($2) + *2^^l(*l) + ('S>lf'S>2)[Hl,H2], 
[H2, [Hi, [H2,[Hi,H2]]]] = (H2(/fl(<I'2)) + <I'lH2(*2) + <I'2/^2(-J'l) + *2Hi($2) + *l(*2)')[^^l,H2] 
= {H2{Hi{'l>2)) + <I'lH2(*2) + 2*2^^1 (*2) + *l(*2)^)[^^l,-ff2], 
[H2,[H2,[H2,[Hi,H2WW = {H2(H2(^2)) + i^2H2{^2) + {^2f)[Hr,H2]. 

Also, one may compute the two brackets between the unique simple word of 
length 2 and the two simple words of length 3, expanding [Hi, H2\{^) just as 

[[Hi,H2],[Hi,[Hi,H2]\] = {Hi{H2{^i)) - H2{Hi{^i)))[HuH2], 
[[Hi,H2],[H2,[Hi,H2]]] = {Hi{H2{^2)) - H2{Hi{<^2)))[Hi,H2\. 

Unexpectedly, if one looks at the two relations (l30l ). one only gets twice the trivial 
relation = 0. Only in length I = Q will one find new nontrivial relations. 

Now, here ai^e the twelve (not linearly independent) simple iterated brackets of 
length ^ = 6: 

[Hi, [Hi, [Hi, [Hi, [Hi,H2W]]] = {Hi{Hi{Hi{<S>i)))+4^iHi{Hi{'S>i))+ 

+ 3Hi(<I>i)Hi{$i) + 6{'S>ifHi{'S>i) + {•S>if)[Hi,H2], 

[Hi, [Hi, [Hi, [H2,[Hi,H2]]]]] = {Hi{Hi{Hi{'i>2))) + 3'S>iHi{Hi{'S>2))+ 

+ '!>2Hi{Hi{<S>i)) + 3Hi(<S>i)Hi{'S>2)+ 
+ 3$i<I>2Hi ($1) + 3(*i)2Hi($2) + ($1)^*2) [Hi,H2], 

[Hi, [Hi, [H2, [H2,[Hi,H2]]W] = {Hi{Hi{H2{^2))) + 2^iHi{H2{^2))+ 

+ 2<S>2Hi{Hi{'S>2)) + Hi(*i)/^2(*2) + 2Hii<S>2)Hii'S>2) + 

+ {'S>lfH2{'S>2) + {^2?Hi{-S>i) + 4$i<I.2^^l('I'2) + i^l?{'S>2f)[Hi,H2], 

[Hi, [H2, [Hi, [Hi,[Hi,H2]]]]] = {Hi{H2iHi{<S^i))) + 2'S>iHi{Hi{'S>2)) + 

+ $2//l (Hi ('I'l )) + <I>1 H2 (Hi (-I-l )) + 3//l (*1 )H2 (<I'2 ) + 

+ 3'I>i'I>2Hi($i) + 3($i)2Hi('I>2) + *2)[Hi, H2], 
[Hi, [H2, [Hi, [H2,[Hi,H2]]]]] = (Hi(H2(Hi($2))) + -J'iHi(H2(*2)) + 2*2Hi(Hi($2))+ 

+ *lH2(Hi('I>2)) + Hi($i)H2(*2) + 2Hi('I>2)Hi($2) + 

+ 4$i*2Hi(*2) + (4'l)'H2(4'2) + (*2)'Hi($i) + (<I'i)2($2)')[Hi, H2], 

[Hi, [H2, [H2, [H2,[Hi,H2]]]]] = (Hi(H2(H2(<I>2))) +3$2Hi(H2(*2))+ 

+ <I'lH2(H2(*2)) + 3Hi($2)H2(3>2) + 

+ 3($2)^Hi($2) + 3<I>i$2H2('I>2) + 'I'l('I'2)^) [Hi, H2], 

[H2, [Hi, [Hi, [Hi,[Hi,H2]]]]] = (H2(Hi(Hi(<I.i))) + 3$iH2(Hi(*i)) + 

+ «I>2Hi(Hi(<I.i)) + 3Hi(<I>i)Hi(<I>2) + 
+ 3(-I'i)2Hi(<I.2) + 3<I>i-I'2Hi($i) + (*i)3$2) [Hi, H2], 

[H2, [Hi, [Hi, [H2,[Hi,H2]]]]] = (H2(Hi(Hi(*2))) + 2*iH2(Hi($2)) + *2H2(Hi($i))+ 

+ *2Hi(Hi(3>2))+2Hi($2)Hi(<I>2) + H2(*2)Hi($i) + 

+ 4$i$2Hi($2) + (4'l)'H2(*2) + (*2)'Hi(*i) + (<I>l)2(<I>2)')[Hi,H2], 
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[H2, [Hi, [H2, [H2,[Hl,H2]]]]\ = (H2(Hi(H2(*2))) +2*2^2(^1 ($2)) + 

+ <I>li/2(H2(*2)) + *2Hi(H2(*2)) + 3//i(<I>2)J^2{*2) + 
+ 3{*2)2Hi{$2) + 3'I>l*2H2(<I>2) + ^l{^2f)[Hl,H2], 
[H2, [H2, [Hi, [Hi,[Hi,H2\]]]] = (H2{H2{Hi(<I>i))) + 2$iH2(/fl(<I'2)) + 

+ 2$2H2(Hi($i)) + 2Hi{<J.2)Hi($2) + ^^l{'^>l)^^2('I'2) + 
+ 4*i$2Hi('I>2) + (*l)'H2(*2) + {*2)'Hi{$i) + (<I'l)2(*2)')[Hi, H2], 
[//2, [H2, [^/l, [H2,[Hl,H2]]]]] = (H2(H2(Hl('J'2))) +*lI^2(H2('J'2)) + 

+ 3*2^2 (/^l ($2)) + 3//i($2)/^2(*2) + 
+ 3($2)2Hi($2) + 3<I>i$2H2('I'2) + *l('I'2)^) [Hl,H2\, 
[H2, [H2, [H2, [H2, [Hi, /fa]]]]] = (H2(H2(H2($2))) + 4<I.2H2{H2{<J'2)) + 

+ 3^2 (#2 )H2 ($2 ) + 6(*2 )^ H2 {<J'2 ) + ('I'2 )") [Hi , H2] . 

Also, one may compute the single Lie bracket between two simple words of length 
3 and the three Lie brackets between the single simple word of length 2 and the 
three simple words of length 3: 

[[Hi,[Hi,H2]], [H2,[Hi,H2]]] = (*iHi{H2{*2)) -*iH2{Hi{$2))- 

- $2Hl(Hl(<I.2)) + ■I'2H2(Hi('I>l)))[Hi,H2], 

[[Hi,H2], [Hi,[Hi,H2]]] = (Hi(H2(Hi($2))) -H2(Hi(Hi(<I.i)))+ 

+ 2$iHi(Hi(<I>2))-2$iH2(Hi(<I.i)))[Hi,H2], 
[[Hi,H2], [Hi,[H2,H2]]] = (Hi(H2(Hi($2))) -H2(Hi(Hi($2)))+ 

+ ■S>2Hi{H2{^l)) - 'I'2H2(Hl(<I.l)) + 
+ <I>lHi(H2(<I>2)) - *lH2(Hi(*2)))[Hi,H2], 
[[Hi,H2], [H2,[H2,H2]]] = {Hi{H2{H2{-S>2))) ~ H2{Hi{H2{'S>2))) + 

+ 2<I'2Hi(H2(<I'2)) -2$2H2(Hi(<I>2)))[Hi,H2]. 

Proposition 7.1. The two functions $i and $2 identically satisfy: 

together with the following five third-order relations: 

Qk-Hi{H2{Hi{<^2))) + '2H2{Hi{Hi{^2)))-H2{H2{Hi{<^i)))~ 

- $2i?l(^f2(*l))+*2i^2(i/l($l)), 

i -i/2(i/l(i/l($2))) + 2ffi(i/2(i^l(*2))) - -ffl(i?l(i?2($2)))- 

- $li/2(i^l(*2))+$li^l(i/2($2)), 

'= - i/i(Fi(i/i($2))) + 2i/i(i/2(i/l($l))) - F2(-ffl(i?l($l))) + 
+ $1 Fi(ifi($2)) - *1 i/2(fl'l($l)), 

= H2{H2{Hi{^2))) -2H2{Hi{H2{^2))) + ffi(ff2(i^2(*2)))- 
- $2i^2(iri($2))+$2i?l(^2($2)), 

= m{Hi{H2{^2))) - 3 Hi (H2 (Hi ($2))) + 3H2(Hi(Hi($2))) - H2(H2(Hi($i)))- 
- $2 Hi(//2($l)) + $2 H2(Hi($l)) - $1 Hi(H2($2)) + $1 H2(Hi($2)), 

the first four being linearly independent, while the fifth coincides with I — II. 
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Proof. Using the representations =,..., = of the iterated brackets between Hi and 

H2 of lengths £ = 6, one may substitute them in the eleven free-Lie relations =, 

. . . , = Some of the obtained equations are redundant, and some reduce to the trivial 
identity = 0. □ 

Corollary 7.2. The following two quantities are identically zero: 

i - H2{H2{Hi{^i))) + H2{Hi{Hi{^2))) + Hi{H2{Hi{^2))) - Hi(Hi{H2{^2)))+ 

+ <l>i Hi{H2{^2)) - $1 H2iHi{<S>2)) - $2 HiiHii$2)) + $2 H2{Hi{^l)), 
= H^{H2{H2{^2))) - 2ff2(Jyi(J?2(<E>2))) + H2(H2(Hi($2)))- 

- H2(Hi(Hi($i))) + 2Hi{H2{Hi{^i))) - Hi{Hi{Hi{^2)))+ 

$1 Hl[m[^2)) + $2 Hl{H2i^2)) - ^2 H2[m[^2)) - $1 H2{Hl{^l)). 

Proof. Indeed, using the proposition, the first identity is just I+II, while the second 
is just III + IV. □ 

8. Cartan Connections in Terms of Coordinates and Bases 

8.1. Definition of Cartan connections "a la Ehresmann": Let IC be either C or 
M. Let G be a local Lie group and let H he a local Lie subgroup of G. Denote by 
and f} their respective Lie algebras which are IK- vector spaces, with [f), f)] ^ C f]. 
In order to set up a clear notational distinction, we shall write [X, Y] for (Lie) 
brackets between vector fields, and [x, y]g for (Lie) brackets between vectors of an 
abstract Lie algebra g. Following Il22ll37ll24l . we start with a definition fonnulated 
independently of any coordinate system or of any basis for g. 

Definition 8.1. A Cartan geometry on a 'tf°° manifold M (over K) modeled on 
(0, f}) consists of the following data: 

• a principal H bundle ^ — )• M over M, the right action of on ^ being on the 
right: 

• a 0-valued 1-form u on which enjoys the following three properties: 

(i) for every point p ^ l^, the linear map: 

Wp: Tp^ ^0 

is an isomorphism; 

(ii) if, for every element y G f), one defines the fundamental vector field Y'^ on 
^ by differentiating the action of exp(ty) ^ H on ,0^: 

d 

' 



Y^ — 
dt 



then oj satisfies: 

a;(yt) = y; 
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(iii) again with the right translation Rh.: p ph on ^ by means of an element 
h £ H, the g-valued 1-form uo satisfies: 

^ph{Rh*{vp)) = Ad{h^'^)[ujp{vp)], 

for every tangent vector Vp £ at every point p £ 

Assuming that a Cartan connection 1-form uj : — > is given, our main aim 
in the next paragraphs will be to express more concretely its properties in terms of 
a certain local coordinate systems on M, H, J^, and in terms of a fixed basis for g. 

8.2. First consequences. The way to behaves through right translations (iii) may 
also be abbreviated without arguments as: 

Rl{uj) = Ad(/i"^) ow, 

where the composition is: 

Of course, the principal bundle ^ is foliated by copies of H. It will be conve- 
nient to denote by: 

J^p := {ph: h£H] 

the ff-orbit (~ H) of an arbitrary point p in the //-principal bundle which is a 
submanifold of Also, we shall denote by .j^ the whole foliation of by 
these copies of H. Then property (ii) means that each: 

is the identity isomorphism, if one interprets TpM'p as the tangent space to the Lie 
group copy J^p ~ H. 

8.3. Curvature 2-form and curvature function. For reasons of clear notational 
distinction of objects that live in different spaces, we shall always denote by 
X, y, Z or by X, Y, Z vector fields on the bundle ^, while vector fields X, Y, Z 
on M will be systematically denoted without any hat or tilde. 

Notably, for any vector x € 0, the inverse image of x through uj at any point 
p £ namely: 

Xp:=ujp\x) {pe.0^) 

provides, as the point p varies all over J^, a well-defined vector field which is 
sometimes called the constant vector field: 

X := a;~^(x) 

associated to x, the slight abuse of notation "tj^^(x)" being admissible here. Also, 
because all the ujp: Tp^ ^ q aie. isomorphisms, for any choice of a vector space 
basis (xfc)i^fc^dimK0 for 0> the collection of the r vector fields: 

^fc:=Wp^(xfc) (fc = l-r) 

visibly makes a global frame on that is to say, at every point p £ J^, the vectors 
Xi\p, .. ., Xr\p make a basis of TpJ^. Furthermore, property (ii) that the 0-valued 
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Cartan-connection 1-form oj should satisfy implies that for every element y G f), 
one has at every point p G 

so that (only) for these elements y € f), one has the coincidence of vector fields on 

= Y (yeh). 

Definition 8.2. The curvature fonn of the Cartan connection is the 2-form on ^ 
which acts on pairs of vectors (Xp, Yp) based at an arbitrary point p e through 
the formula: 

%{Xp, %) := dujp{X, Y) + [ujp{X), iOp{Y)]^, 

where X and Y denote any two local extensions neai^ p satisfying -'^Ip = 

and = Yp, the obtained value Q.piyXp, Yp) is easily seen to be independent of 
these extensions, and also to be skew-symmetric. 

Lemma 8.3. TJie curvature vanishes as soon as at least one of its two arguments 
is tangent to the H -principal bundle foliation M', namely: 

= Q.p(yXp, Yp) 
whenever either Xp € TpJ^p orYp ^ TpM'p. 

Proof. Since the span TpJ^p when y varies in f), and since Q. is skew- 

symmetric, it suffices in fact to establish this vanishing curvature property: 

= ^1{X,Y), 

for any constant vector field X = a;~^(x) with x G g arbitrary and any vertical 
constant vector field Y = uj~^{y) with y € f] arbitrary. But then, this is a known 
consequence of (iii). □ 

Now, at each point p € for every x G g, the inverse image thi^ough ujp of the 
element x + f) of the quotient g/t): 

uj;'{x + ^) =uj;\x)+uj;\\:,)=ujp\x)+TpJ^p 

is defined exactly up to the i^-principal bundle tangent space. By bilinearity, it 
then follows immediately from the above proposition that 

f]p(a;;i(x' + f,), a;;i(x" + f,)) = np{co;\x'), uj-\x")). 

In other words, the curvature 2-form acts in fact on the quotient T^/TJlf by the 
vertical //-foliation. This obsei^vation yields a path to a more concrete access to 
Cartan curvature which is quite useful for effective computations. 

Definition 8.4. The curvature function of a Caitan connection lo : — >• g is the 
map: 

KG^°°(^, End(A2(g/f)), g)) 
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which sends every point p £ ^ to the following g-valued alternating bilinear map: 

(s/W A (g/fi) 
k{p) : (x' mod f)) A (x" mod t)) ^ np{ojp\x'), a;~^(x")) 

= Qp{Xp,Xp). 

Conversely, one easily convinces oneself that the curvature function determines 
the cui^vature fomi in a unique way. 

Lemma 8.5. For any two representatives x',x" € of two elements of one 
has: 

k{p)(x,x") = [x,x"]g - ujp{[uj~'^{x), uj^^(x")]). 

Proof. Starting from the definition just stated and applying the so-called Cartan 
formul^ to expand the dwp-term, we easily get: 

K(p)(x',x") = r!p(X', X") 

= dujp{X',X") + [ujp{X'), iOp{X")]^ 
= X'{Lo^iX"))-X"{oj,{X')) -oj,{[X', X"]) +[x',x"]b 
= X'(x")^ ^ X"(x') _-c.,([a;-Hx'), c.-^(x")]) + [x',x"]b, 
where underlined terms vanish as do all differentiated constants. □ 

Proposition 8.6. For any h £ H, the curvature function enjoys the Ad- 
equivariancy property: 

K(p/i)(x'modf), x"mod{)) = Ad(/i^^) (Ad(/i) x', Ad{h)x")], 

where x' mod f) and x' mod f) are any two elements of g/t). Furthermore, for any 
fundamental field Y'^ = ^lo^cxp(iy) on ^ associated to an arbitrary y € f), one 
has: 

(y1'K)(p)(x',x") = -[y, K(p)(x',x")]g + K(p)([y,x']g, x") + k(p)(x', [y,x"]g), 

where the two arguments x! and x" of the curvature function k{p) are (implicitly) 
taken mod f). 

Proof. First of all, the right-equivariancy of the connection form and of the curva- 
ture may be read as two equations: 

^ph{{Rh)*p{Xp)) = Ad(/i-i) [c^p(Xp)] , 

%h{{Rh)*p{x'p), {Rh).p{x';)) = M{h~^)[%{x'p, x';)i 

valid for any h G H and for any three (vector) fields Xp, X'^, X'^ ^ Tp^ based 
at an arbitrary point p G So, let us apply the first equivariancy in which we 



^ See 1371 . p. 58: if uj is an arbitrary 1-form on a smootii manifold N valued in some K-vector 
space V, then dLj(X, Y) = X{uj{Y)) - Y{uj{X)) - uj{[X, Y]) for any two vector fields X and Y 
on M. 
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replace Xp by the constant vector (field) := LOp^{x') associated to an arbitrary 
x' e g: 

iOph{{Rhhp{io;\y-'))) = ujph{{RhU{x;)) = Ad{h~^)[iOp{X'p}] = Ad(/i-i)[x'], 
whence equivalently if we apply u^f^ to both extreme sides: 

If we now replace x' by just Ad(/i) x' here, we get the useful formula: 
(32) (i?,),p(^;i(Ad(/i)x')) = c.;,i(x'). 

Thanks to this preliminary, we may now compute: 

[apply(32)] =nph[{Rh)*p{io;\M{h)x')), {Rh),p{ujp\Ad{h)x"))^ 
[useiD] = Ad(/i-i)[!^p(a;p^(Ad(/i)x'), 0;"^ (Ad(/i) x"))] 

= Ad{h^^) [k{p) (Ad(/i) x', Ad{h) x")] , 

which completes the verification of the first formula claimed in the proposition. 

Next, let us assume that the translational element h G H is of the form ht := 
exp(iy), for some y € 1), where the parameter i e IK is small, so that we have, after 
multiplying both sides by Ad (/it): 

Ad{ht)[K{pht){x',x")] = K{p){Ad{ht)x', Ad{ht)x"). 

From the very definition of the vector field = ^|QRexp(ty) on classically 
follows that for any function / : ^ ^ C, one has: 



d_ 
di 



^exp(ty)(p))) = ||^(/(pexp(ty))) = (yt/)(p). 



Consequently, if we apply to the above identity, using Ad(/io) = Id, using 
Leibniz' formula and using bilinearity of the curvature function, we get: 

|[Ad(exp(ty))[^(p)(x',x")] +(yt^)(p)(x',x") = 

= K(p)(^|gAd(exp(ty))x', x")+k{p){x', ^ |„ Ad(exp(ty)) x") . 
Applying then twice within the right hand side the classical identity: 

d 



dt 



^Ad(exp(ty))[z] = [y,z]g = ad(y)(z), 

which can also be thought of as defining the adjoint representation (restricted to 
the subalgebra h C g): 

ad: (i — ^End(0), yi — ^ (z [y, z]g) , 

and putting (V"^ k) single on the left, we finally obtain the second identity claimed 
in the proposition: 

{Y''k){p){x,x") = -[y, k(p)(x ,x")]g + K{p){[y,x%, x") + k{p){x, [y,x]g). 
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In the case where H and G are connected and simply connected, a natural converse 
holds by integrating these differential relations, but as we will work with local Lie 
groups, we will not need such a converse. □ 

Computing this curvature function explicitly in coordinates and with a basis of 
will exhibit much more the algebraic complexity it can possess. 

8.4. Lie algebra bases. In order to achieve the construction of Cartan connections 
for specific new geometric structures, one must work and compute effectively with 
some concrete bases for g and f). Denote then by: 

r := dimiK g, n := diniR (g/{)) and n-r = diniK f), 

suppose r ^ 2, n ^ 1, ?i — r ^ 1 so that g, g/f) and t) are all nonzero. For an 
adapted basis (xfc)i^fc^r which may be thought of, in concrete examples, to enjoy 
some useful normalizations/simplification (think of root systems for semi-simple 
Lie algebras), we then have: 

g = SpanK(xi, . . . ,x„,x„+i, ...,Xr), 

b= Spanjj(x„+i, . . . ,Xr). 

Also, we may suppose that (n — r) representatives in g/f) are just: 

yi • — ^n+l) ) Yn—r ■ — ^rj 

and we shall have to remember the notational coincidences: 

Yj = Xn+j U = 1 ••• r - n). 

Next, let g* = Lin(g, C) denote the dual of the Lie algebra g, viewed as a plain 
vector space (it has no natural Lie bracket structure). If we introduce the basis of 
9*: 

■^1) • • • 1 ^n' ^n+l' • • • 5 Xr 

which is dual to the previously fixed basis xi, . . . , x„, x^+i, . . . , x^. of g, then by 
definition, for any i, j = 1, . . . , n, n + 1, . . . , r, we have: 

<{>^j) = Sj := |q otherwise. 

Of course, \j* is then spanned by x^, . . . , x*_„. 

For later use, we remind also that if £' is a finite-dimensional K- vector space and 
if ui*, TT* are one-forms belonging to its dual E* = Lm{E, C), then the two-form 
Lo* A TT* acts on pairs (e, /) G E"^ by definition as: 

u* A TT* (e, /) Lo* (e) vr* (/) - a;* (/) ^* (e) . 

In particular, for any ii, 12 with ii < 12 and for any ji, j2 without restriction, we 
have: 

n 32 ^31 
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With any such choice of a basis, brackets of the Lie algebra g are encoded by 
the so-called structure constants: 

r 
s=l 

(fei, fc2 = 1 ■■■ n, n + l,...,r). 

Of course, the skew-symmetry and the Jacobi identity: 
(34) 

0= [[Xfci,Xfc2]0,Xfc3]g + [[Xfc3,XfcJg,Xfc2]g + [[Xfc2,Xfc3]g,XfcJg 

read at the level of structure constants as: 

r 

(fci, k2, fca, ' = 1 ■■■?•). 

Since is a Lie subalgebra of g, one has fcj ~ *-* whenever n+1 ^ ki,k2 ^ r, 
for any s ^ n. In temis of the generators yj = x„+j of f), we may also write the 
Lie algebra structure of t) under the form: 

r—n 

[yji' Yialg = Yl 4i,i2yt (ii,J2,i = l-r--n), 

i=l 

where we admit the notational coincidences: 

8.5. Expansion of the g-valued Cartan connection form lo. In temis of the basis 
(xfe)i^A;^r of 0> the 0-valued 1-form uo expands under the shape: 

r 

k=l 

where the a;^ are scalar, i.e. IC-valued, 1-forms on If m is another g-valued 
1-form that one wants to "wedge" with oo, it is natural to simultaneously "wedge" 
the 1-forms and let the Lie bracket act on the basis elements as follows: 

r r 

fei=l k2=l 
r r 

= J2Y1 W'^' AtJ7'=2[Xfc,,Xfc,]g. 

ki = l k2 = l 

We employ here the intuitively clear notation "Ag" in order to expressly notify 
that both a wedge product and a Lie bracket act simultaneously. With this natural 
definition, it then follows from the classical formula: 
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that a; Ag Ci7 acts on pairs {X, Y) of vector fields on just as: 

r 

In particular the connection form wedged with itself acts as: 

from which we deduce the following alternative, equivalent expression of the cur- 
vature. 

Lemma 8.7. The curvature 2-form G A^(r*^, g) writes shortly as: 

= du + ^ Ll) Aq uj, 
and also in terms of a basis {x-k)it^k^rfor q, just as: 

r 

k=l l^h<l2^r 

Proof. We compute O and reorganize its expression using the natural linearly in- 
dependent frame w'^ A w'^, h < I2, on the space of 2-forms on 

Q = doj + ^ cjj Aq 00 

r r r 

= ^ dw^^ Xfc + i ^ ^ A [xi, , XI,], 

k=l h=l h=l 

k=l h=l l2=l 

r 

[use cf^,^ =Y,{d^''+ E ^hM^^' 

k=l l^hKh^r 

which is what was claimed. □ 

However, this representation of the curvature is not at all finalized for at least 
two reasons: 

• each du}^ should in principle be re-expressed in terms the basis (a;'i A 
'^^^)i<Zi</2<r- "^^^^ '^^^ really wants to perform explicit computations; 

• more deeply, any 2-form as the curvature Q, should be expressed as a 2-form in 
the coordinates (x, a) on ^ in order to view explicitly how the curvature depends 
upon some basic initial geometric data, namely upon the coefficients r/j j/ (x) of a 
certain initial frame {Hi, . . . , Hn) on M (see below) and also upon the coefficients 
Vjj/{a) of some explicit frame (Yi, . . . , Yn-r) of left-invariant vector fields on the 
(local) Lie group H. 

Before entering further the construction of effective Cartan connections, we pro- 
ceed to a preliminary investigation of what basic relations come at the level of only 
linear algebra. 
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8.6. Back to the curvature function. By definition, at any fixed point p e 0^, the 
curvature function k{p) happens to be a linear map from A^(g/f)) into g, whence, 
thanks to the canonical, classical identification Lin(£', F) E* ® F which reads 
here as: 

Lin(A2(0/f,), s)^(AVf))*®5 
~A2(g7r)0g, 

we may express as follows the curvature function in terms of the basis elements 
xi, . . . , x„, x„_|_i, . . . , Xr for g and in terms of the basis (representatives) elements 
xl,...,x; ofgVf)*: 



E 



l^i\<i2^n k=l 



where the p i-> k*!^ {p) are a certain collection of IC- valued function on 
Now, we remind that Proposition 18 .6 I on p. |55] showed us that: 

(y^K)(p)(x',x") = -[y, k(p)(x ,x")]g + K(p)([y,x]g, x") + k(p)(x', [y,x"]g), 

for any fundamental field = ^ |o^exp(ty) on ^ associated to an arbitrary y € f). 
In terms of Lie algebra bases, it suffices to inspect what this formula gives when 
x' = Xj^, when x" = x^j for some 1 ^ ii < i2 ^ n, and when y = yj = x„+j for 
some j with 1 ^ j ^ r — n. Plugging in then these values, we receive the equation: 

r r 



fe=i 



k=l 



On the first hand, using structure constants, we may easily compute the first (among 
three) terms appearing in the right-hand side: 



) Xfcjg 



Y2 '^h,i2^P) ^n+j,k'^s- 



k=l 



k=l s=l 



On the other hand, the two brackets appearing in the second line express themselves 
by means of structure constants just as follows modulo [): 

r n 
k=l 13=1 



[Vj^^i'zls = [Xn+i,Xi2jg = Y Cn+j.iaXfc = Y '^n+j,i2^h modf). 

k=l i3=l 

We may hence derive that the entire second line above equals: 



i3 = l 



13 = 1 
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At this point however, the computation is not yet finished. Indeed, reminding 
the basic formula (1331 ) on p. |57l we may pursue for instance the expansion of 

k{p) (xi^ , Xjg ) in the first sum: 

r 

n{p) (xi, , Xi3 ) = k| (p) X*, A x| (x,i , Xi3 ) (g) Xfc 

l^i{<i'^^n k=l 



l^i[<i'2^n k=l 

Thanks to this simple formula, the first ^ continues as (complete explanations 
follow just after): 



r / n 



i3 = l '= = 1 *3 = 1 l^i[<i'2^n 

= E( E Cn+j,.2'^':[,^',ip)Ki ~ E 



E/ ( E/ '^n+J,i2 '^i'.n (P) + E/ 
fc = l ^ i' = l 



Xfc. 



From the first to the second line, the is automatically killed because of the 

i' i' 

presence of the two and — (5^^ . Then the two ^ j/ both reduce to a single sum, 

i' i' 

because of the presence of the two remaining 5- J and — (^jj- Finally, the order of 
appearance of the two sums ^^/^ and — is interchanged and both summation 
indices are given the same name i' . Summing up all terms, we have shown the 
following 

Proposition 8.8. For every y G f) and every 1 ^ ii < 12 ^ n, one has: 

r r / T 



i' —1 i' —ii +1 

i' — 1 i'— 12 + 1 



Xfc, 



where = Y = uj ^(y) « constant field associated to y. □ 

8.7. Bianchi identity. Looking at Q. = du + ^ 00 Aq to, if one applies once more 
the exterior differential operator d, the term ddio drops. This observation leads to 
Bianchi-type identities which were first understood by Christoffel and Lipschitz in 
the context of Riemannian geometry. 
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Theorem 8.1. The curvature 2-form: 



k=l ' ' 

satisfies the identity: 

that is to say in terms of the basis {^kji^k^r of q: 

r 



k=l k=l ' l^hKh^r 



(iri = Ag W, 



«i,«2=l 



Proof. Applying, as we said, d to the definition Vt = + ^ Ag a; of the curvature 
form, we get: 

dO. = dduj r, + ^ Ag a; — ^ w Ag 

= ^ (ri — ^ a; Ag w) Ag u; — ^ cj Ag (i7 — ^ w Ag tj) . 

Here, one has to mind the fact that, although the wedge product A between 
scalar one-forms is associative, the wedge-bracket product Ag is not (in gen- 
eral) associative, just because one does not have in general [^[x/tj^jXfcjJgj x^^j — 

[xfci 1 [xfc2 ' ^fcalg] g- Fortunately, the Jacobi identity guarantees that the following is 
true. 

Lemma 8.9. For any g-valued \-form w = Yl\t=i one has: 

= (ci7 Ag vj) Ag VJ and = Ag (tu Ag tu) . 

Proof. We check the first identity, the second one being similar. Expanding, we 
may write: 

(r r \ r 

w^^ Xfc^ Ag ^ Xfc2 j Ag ^ ro'^a x^g 

fci=l fc2 = l ^ fc3 = l 

= ( ro'^l Aro'^2 [xfe^,Xfc2]g j Ag W^^Xk^ 

^ki,k2 = l fc3 = l 

r 

= Yl ^ ^ [[Xfcl,Xfc2]g, Xfcgjg. 

A;i,fc2,fc3=l 

Clearly, since the three-terms wedge product ro^^ A ro^^ A -cu^'^ obviously vanishes 
as soon as at least two of the fcj's coincide, the triple sum J2ki k2 fca decomposes 
plainly in six sub-sums: 

E - E + E + E + 



'^l-^2t'^3 ki<k2<k-^ fc3<fci<fe2 k2<k3<ki 



+ E + E + E • 

^2 <fci <A:3 ks<k2<ki ki<ks<k2 

Then each triple sum vanishes identically thanks to the Jacobi identity (|34] ). □ 
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Coming back to the dQ we left above, the lemma shows that the two tenns 
involving three times u vanish and it remains: 

dfl = ^ U Ag U! — ^ u Q 
= Q AqUJ, 

as claimed by the theorem. Expanding then this identity in bases and reorganizing, 
we get: 



k — l ii — 1 12—1 

r 



fc — 1 21,12 — 1 

that is to say, for every k = 1, . . . ,r: 

r 

which concludes the proof. □ 

The cui-vature function p i— )• k{p) is a map ^ — )• '^^(0/f),0). A second ver- 
sion of Bianchi identities is as follows. Remind the operator d: ^^(0/fl,0) — > 



X 



Proposition 8.10. For any three x , x' , x ' G 0, one has at every point p G 0^: 
= {dK){p){y! y y') + ^ ^(p)(k(p)(x',x"), x'") + [X'K){p){y!' 

cycl cycl 

that is to say in greater length: 

0= [x',K(p)(x",x")]g - [x",/t(p)(x',x")]g + [x",K(p)(x',x")]g- 

- '^(P)([x',x"]0. x'") + '«(p)([x',x"']g, x") - K(p)([x",x"']g, X ) + 

+ k(p)(k(p)(x',x"), x") - k(p)(k(p)(x',x"), x") + k(p)(k(p)(x",x'"), x") + 
+ (X'k)(p)(x",x'") - (X"k)(p)(x',x'") + (X'"k)(p)(x',x"). 

Proof. By the Definition [83] of the curvature function and the Definition [O] of the 
curvature form, for any two z, x'" € 0, one has: 

k(p)(z,x"') = ilp(Zp,Xp") 

= + [o.p(Zp),6.p(l;')]g- 

Replacing then Zp by [X^, X^] , hence also z by tjp ( [X^, ] ) gives: 

(wp ( [X'p , Xp] ) , x") = du}p ( [Xp , Xp] , Xp") + [up ( [Xp , Xp] ) , x "] ^ . 
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Now, if we apply the Cartan formula to expand dcop in the right-hand side, we 
receive: 

«:(p)(^^p([^p.^p]): x'") = 

and the first temi in the right-hand side vanishes, because ijjp{X'") = x'" is con- 
stant. Next, both in the left-hand side and in the right-hand side, we replace thrice 
from Lemma [831 

C0p{[x;,x;]) = [x',x\- K{p){x',x"), 

and we receive: 

x'") - «:(p)(k(p)(x',x"), x'") = 
= - A-([x',x"],) ^ + (X"',c)(p)(x',x") X™]) 
+ [[x',x"]5, x'"]^ - [k(p)(x',x"), x'"]^, 

Putting all the six remaining terms in the right-hand side and reorganizing their 
order of appearance, we get an identity in which: 

= [x-, K(p)(x',x")]g - ^(P)([x',x"]g, x'") + k(p)(k(p)(x',x"), x'") + 
+ {X"'^)ip)ix',x")-Up{[[X'p,X;], X';]) + [[x',xX x'"]^, 

when one sums over all cyclic permutations of {x',x",x'"}, the last two terms 
disappear thanks to the Jacobi identity for vector fields (fifth term) and thanks to 
the Jacobi identity within g (sixth term) so that we obtain the formula stated. □ 

Corollary 8.11. For any three y', y", y'" € f), one has: 

{dK){p) (x + y', x" + y", x!" + y'") = (5k) (p) (x , x", x ") 

so that dn is well defined in the space of3-cochains "^^(fl/f), fl)- 

Proof. By symmetry, it suffices to check this when y" = y'" = with y' simply de- 
noted y. But then, applying twice the expanded second formula of the proposition 
and subtracting, noticing that X' + Y = X' + Y\sNe obtain: 

0= [y, K{p){x!',x!")\-K{p)[[y,x!\, x!'')+K{p)[[y,x!\,x!') + [Y^K){p){x!',x!''), 

which is coherent with the second fonnula of Proposition 18.61 □ 

Proposition 8.12. (HI [HI) When the Lie algebra g = g_a © • • • © 0b graded as 
on p. \105\ with: 

0- := 0-a © • • • ©0-1, 
f) := 00 © • • • ©0b, 

if one decomposes the curvature function k = X^/jg^ '^[h] homogeneous com- 
ponents Kr/ji, then the differential of every such a Kr/ji is uniquely determined by 
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the lower homogeneous components k^j^i^, with h' ^ h — 1, through the specific 
formula: 

h-l 

cycl h'=l 

-J2 (^''^[h+|x'|])(x",x'"), 
cycl 

in which projg (z) denotes the Q^-component of an element z € 0, while jx'| de- 
notes the grade of yd. 

Proof. Back to the preceding proposition, it suffices to pick, in tiie expression: 

- Kip){Kip)ix'y) modf,, x"')-Y{X'K)ip)ix",x"') 

cycl cycl 

only the components that are of homogeneous degree h. □ 

8.8. Normality. We can now present a consequence of the above graded Bianchi- 
Tanaka identities that will be important for the construction of a Caitan connection 
on strongly pseudoconvex hypersurfaces C C^, to be achieved in an effective 
way in Section |9] below. When g is semi-simple {cf. ||8]|3) with a grading g = 
Q-ii © • • • ® 0/i of depth ^ ^ 1 (a = 6 in this case), it is known {cf. JH, p. 492) that 
the curvature function: 

K = K[i] H h K[3^] 

has components whose homogeneities /i ^ 1 are all positive. Then a Cartan con- 
nection u : — )■ g is said to be normal (in the sense of Tanaka, cf. |[36l IH) if 
the codifferential operator annihilates all the (positive) homogeneous components 
of the curvature function, namely if: 

= a*(K[y)=...=5*(K[3,]). 

Proposition 8.13. (lUl [141 ) If g is semi-simple and if the Cartan connection 
oj: T — )• g is normal, then the homogeneity of the first non-zero homogeneous 
component of the curvature function k is greater than the homogeneity of the first 
non-zero homogeneous component of the second cohomology i?^(g_, g). 

Proof. If, as is assumed, i?p^,j(g_, g) = for all h' ^ h with some h ^ 1, and if, 
by induction: 

= = • • • = 

then the graded Bianchi-Tanaka identities of Proposition 18.121 show immediately 
that: 

d[h]{i^[h]) = 0, 

which just means that: 

K[h] G ker{d[h])- 
Furthermore, by normality of the connection, we also have: 

m Gker(a[;]). 
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In addition, according to Proposition 2.6 of [81, the semi-simplicity of g insures 
that for every homogeneous degree /i G Z, the /i-homogeneous 2-cochain space 
(to which belongs) splits up as: 

'^W=™(%)®ker(af,]) 

= ^f,]eker(5f,]) 

But since i^p^j = by assumption, which just means that we can replace ^'^^ = 
= ker here, we deduce that: 

i^[h] G ker(5[^]) ker(5i;]) and k^^j G ker(9[;,]) n ker(9i;]), 
which trivially implies that k^^] = 0, as desired. □ 

8.9. Vector fields and one-forms. A remark about notations is in order. As did 
Sophus Lie, we shall most often prefer to conduct computations in terms of vector 
fields (first-order derivations) instead of using Elie Cartan's exterior differential 
calculus. But as both points of view are complementary, we shall nonetheless need 
at the same time to consider differential forms, and the best way of remembering 
the duality between a frame and a coframe is to put a "*" as an upper index, as we 
akeady did for the and their duals x^. This is why we shall not use Elie Cartan's 
classical letters or to denote differential forms, except for a; : T,'3^ g. In 
fact, in the formalism we set up presently, Greek letters will be mostly reserved to 
denote functions, namely coefficients of vector fields or of 1 -forms. 

8. 10. Left-invariant Lie frame and Maurer coframe. Now, as we agreed that 
our constructions shall be local, we must consider that the local lie group H not 
only comes with its abstract Lie algebra f), but also with a collection of left- 
invariant vector fields near its identity element. So, let us assume that H, of di- 
mension n, is coordinatized by means of (ai, . . . , a^-n) G IK^"*^, locally near the 
origin (its identity element) and that the Lie algebra of left-invariant vector fields 
on H is given by r — n (left-invariant) vector fields: 

Yj- = ^ Vjji{ai,. . . ,Or„„) — — {j = l-r-n) 

j'=l 

having coefficients Vjj/{a) that are smooth or EC-analytic in a neighborhood of the 
origin in 

Dually, the Maurer-Cartan coframe on H consists of precisely the same number 
r — n of (left-invariant) 1-forms: 

r— 71 

Y* = ^vi^^'{a)day, 
j'=i 

satisfying by definition: 

Hence the (r — n) x (r — n) matrix of functions vi'-' (o) is the transpose-inverse 
of the matrix of functions Vjj/{a). 
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8.11. Initial frame on the base manifold. On the other hand, on the manifold M 
equipped with local coordinates x = {xi, . . . , Xn), we suppose that a certain frame 
is given which consists of re = dimK M vector fields: 

" d 
Hi = '^ r]i^i/ (x) — — (i = 1 - n) 

i'=i 

having coefficients r]i^ii{x) that are smooth or K-analytic in a neighborhood of the 
origin in K". 

Then the dual coframe consists of precisely the same number re of 1-forms: 

n 

H* := J2 vT' (x) dxi' (i = i-n) 

i'=i 

satisfying by definition: 

Hence the n x n matrix of functions r]l'^ (x) is the transpose-inverse of the matrix 
of functions i]i^ii{x). 

8. 12. Constant frame and coframe on HP. After all, the coordinates on the total 
space HP are just: 

(x, fl) — (s^li • • • ) Xni (111 ■ ■ ■ 1 Oir—n)- 

From now on, in accordance to the convention made a while ago, we shall denote 
by: 

^1 1 ■ ■ ■ 1 • • • ) 

the coframe on ^ which is dual to the frame: 

made of all the constant fields X^. := oj^^{x}.) on HP, k = 1, . . . , r, so that by 
definition: 

In fact, because for any fci = 1, . . . , r, one has: 

r 

xfc, = uj{Xk, ) = ^ w'^i {Xk, ) whence u''' {Xk, ) = J^^^ 

fci=i 

also holds, it follows that the X^ were already known and that we must admit the 
coincidence of notation: 

Uj'' = XI {k = l-r). 

Proposition 8.14. The coefficients k^^ ijlp) of the curvature function: 

r 
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express explicitly as follows in terms the structure constants of g and in terms of 
the constant frame Xj and coframe X"^: 



Proof. It suffices to apply to the two extreme sides of: 

r 
k = l 

[apply LemmaHS] = [xi^.x^Jj, - cjp([a;~^(xi J, uj~'^{x,^)]g) 

r 

= '^ii ,»2 - ( [^n . -^^^2 ] ) 
fe=i 

r 

which simply yields: 

r r 
fc=l fe=l 

Finally, the -component of the right-hand side is immediately obtained by ap- 
plying to both sides, and this delivers the expression boxed in the lemma. □ 



9. Effective Construction of a Normal, Regular 
Cartan-Tanaka Connection 

9.1. General form of the unknown Cartan connection frame. Again with an 
C being a Levi nondegenerate "^^-smooth real hypersurface which is an 
arbitrary deformation of the Heisenberg sphere equipped with three real coordi- 
nates {x,y,u) as above, suppose (in advance) that we may construct a Cartan con- 
nection: 

on a certain (local) P-principal bundle ^ locally equal to the product x P, 
where P is the unique (local, connected) five-dimensional Lie group associated to 
the abstract Lie algebra: 

p := SpaniR(d, r, ii, \2, j) 

corresponding to the five generators D, R, li, I2, J of the Lie isotropy algebra of 
the origin € H^, namely where the brackets between the abstract d, r, ii, \2, j 
are assumed to be exactly the same as those already shown between D, R, li, I2, J, 
namely [d, ii] = ii, etc. 

At first, one needs to make explicit some corresponding five left-invariant vector 
fields on the (local) Lie group P. Let P be equipped with five real coordinates 
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denoted by {a,b,c,d,e). Then one can simply take exactly the same five left- 
invariant vector fields as those shown in |[T4l . namely: 

^ ■— "-da " dh ^ dc dd '^^ de 

^1 •= ^ - 

h — m + ^^ 
J — 

for one verifies that the Lie brackets between these vector fields are precisely the 
same as before, namely: 





D 


R 


h 


h 


J 


D 
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2 J 
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* 





-h 


h 
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* 





4 J 
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* 








J 


* 


* 


* 


* 






so that they indeed form a basis for the Lie algebra p of the abstract Lie group 
P. Then according to property (ii) that a Cartan connection should enjoy on the 
product ^ = X P which is naturally equipped with the eight real coordinates: 

(x, y, u, a, b, c, d, e) =: an arbitrary point p € 

it follows that some five corresponding generating vertical constant fields must 
necessarily be of the plain form: 



D 


p 


■■= 


\d) 


= D 


R 


p 


■■= 




= R 


h 


p 


■.= u}- 


Hn) 


= /i 


h 


p 






= h 


J 


p 




Hi) 


= J, 



where we identify vector fields on the (x, y, u, a, b, c, d, e)-space to vector fields 
on the (a, b, c, d, e)-space. We notice passim and for coherence of thought that the 
vanishing of the curvature in vertical bi-directions just means here that brackets 
between these five fields should correspond, through u, to abstract brackets within 
the Lie algebra p, say for instance: 

[D, h] = [u;~Hd), ^-i(ii)] = L.-i([d, ii]p) = oj~\h) = h, 

and this is clearly the case by the unique choice D = D and Ii = Ii made at the 
moment. Only the three vector fields: 
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are really unknown, and their determination should be subjected to specific con- 
straints that shall be presented right below. 

In summaiy, in order to construct the sought Cartan connection, we must find 
certain functions a., of the eight variables (x, y, n, a, 6, c, d, e) as coefficients for 
the lifted horizontal vector fields: 

T := Qtt T + cithi Hi + ath2 H2 + atd D + atr R + Ii + ctu^ h + "tj J 
Hi := oLh-ihi Hi + Qhjhj H2 + oth-id D + Qhjr R + Qhiii li + oth-ii2 h + Qhij J 

H2 ■— Olh^hi Hi + OLh2h2 H2 + Oth^d D + au^r R + fthail -^1 + Q^fc2i2 -^2 + Qftaj ■^i 

while, as we said, the lifts of the vertical vector fields identify to the vertical vector 
fields themselves: 

h = h = ^ + a^ 

■j-T_ld 

9.2. Conditions for the determination of the Cartan connection. We have to 
determine appropriate functions a., of the eight coordinates {x,u,v,a,b,c,d,e) 
in a neighborhood of the origin in such a way that the following four conditions are 
satisfied. 

(cl) For any X = D, R, Ii, I2, J and any Y = Hi, H2,T with corresponding 
X = d, r, ii, \2,i and y = hi, h2, t, one should have: 

(35) [x,y]=KS, 

or equivalently in terms of the g-valued one-form: 

[u;-\x),u;-Hy)] =u-'{[x, y],). 

As is known (see e.g. lfT2l page 3), if Lie groups ai^e assumed to be con- 
nected (ours are, because we suppose they are local), this condition is 
equivalent to the equivariancy -R^(w) = Ad{h~^) o to that uj should en- 
joy under right translations by elements h G H (Section [8]l. 
(c2) For each p G the map Up-. ^ q should be an isomorphism. We 

postpone the checking of this property to the end of all computations, but 
at least here, we may observe that this property is equivalent to the fact 
that the eight (local) vector fields T, Hi, H2, D, R, Ii, I2, J constitute 
& frame near the origin (linear independency). Furthermore, since T, Hi, 
H2 live in the (x, n, ?;)-space and since D, R, Ii, I2, J already make a 
frame in the (a, b, c, d, e)-space, this property is equivalent to the fact that 
the (r, iJi, 1/2) -components of T, Hi, H2 ai^e independent, namely: 

Ottt{o-hihiOth2h2 — a/iih2 0/12/11) 

should not vanish in a neighborhood of 0. 
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(c3) The obtained Cartan connection uj should be normal, namely the codif- 
ferential operator d* should annihilate all homogeneous curvature compo- 
nents, i.e.: 

^w('^w) =0 for /i= 1,...,5. 

Similarly as for condition (c2), we shall also examine this condition at the 
end of our main calculations. 

(c4) The connection should be regular, that is to say, all curvatures of nega- 
tive homogeneities should vanish. In fact, possible homogeneities of 2- 
cochains are just 0, 1, 2, 3, 4, 5 (Subsection lS.lb . and we will see that mak- 
ing K^l =0 is the easiest thing. Furthermore, thanks to the fact that second 
cohomologies vanish up to homogeneity /i = 3 according to the table on 
p. Wh . the Proposition 18.131 insures that the first nonzero homogeneous 
curvature components can only be K[4], whence something a bit better than 
regularity will in a certain sense hold freely. 

In fact, the process of construction {cf. |[T4l ) will mainly consist in annihilating 
as many curvatures components as possible, and without calling to d* , we will be 
able to annihilate K[o] (easiest thing), kj^j, k^] ^i^d k^] by an appropriate progres- 
sive building of ui which requires somewhat hard elimination computations. 

9.3. Explicit (sought) dual coframe. Before beginning by carefully inspecting 
how to fulfill the first, main condition (cl), we still need further preliminaries. 

On the (x, y, n) -space, it is clear that the three vector fields Hi, H2 and T make 
a frame, for we remember that: 

TT I _d_\ TT I _d_\ rp\ d I 

-"l|o ~ (9a: lo' ~ dy\o' ^lo~aulo' 

and consequently, there exists a well defined dual coframe which is composed of 
three one-forms HI, H2 and T* satisfying by definition: 

Hl{Hi) = l, Hl{H2) = 0, H*{T) = 0, etc. 

At the moment, we shall not consider it to be necessary to express explicitly H^ , 
H2 and T* in terms of dx, dy, du, leaving such a task to a computer at the very 
end of all our constructions. 

Now, our eight unknown vector fields T = uj~^{t), J = uj~^{i) on the 
{x,y,u,a,b,c,d, e) -space read as linear combinations: 

T = attT+ athiHi+ ath2 H2 + atdD+atrR+ ceu^ h + au^ h + atj J 



Hi = oihihi Hi + au^h^ H-z + a^^d D + Uh^r R + Qhin h + Ohiia h + ahij J 

H2 — OLh^hi Hi + OLh^h^ H2 + Qfead D + Qfejr R + QfeaH -^1 + Q^h2i2 ^'^ + '^h2j J 

D= D 

R= R 

Ti = h 

h = h 

j= J 
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of the eight fields T, . . . , J with certain 22 unknown coefficients au, ■ ■ ■ , ah2j, 
where we use letters instead of numbers as lower indices, the logic of indexing 
being clearly visible. We need to know explicitly the dual (unknown) coframe: 

r* u* z_r* r^* r* 7* 

) -"1, -Hg, , n , ii, I2, J , 

and the task is simple. Indeed, we recall the elementary fact that, in a standard 
vector space Span]g(ei, 62, . . . , e„), the dual of an arbitrary frame: 

is a coframe of the form: 

v*i ■■= Ej=i AjCj a=i ■■■«), 

where the matrix (Aj)i<Kn j'^^'^ "^^e transpose-inverse of the initial matrix 
(cKfci)i<fc<n- Leaving it to a computer to invert and to transpose the above 8x8 
matrix (see 111) whose determinant is clearly equal to: 

att = («/iihiah2/i2 ~ o:hih20^h2hi) , 
we find without much pain expressions of the form: 

f* = ptt T* 

Hi = Phit T* + Phihi Hi + fih^h2 H2 
Hi = Ph2t T* + Ph2hi Hi + f3h2h2 Hi 
b* = pdt T* + Pdh, HI + Pdh2 HI + D* 

R* = f^rt T* + firhi Hi + f3rh2 H^ + R* 

11 = Aii T* + Aihi HI + /3jj/j2 HI + II 

12 = f^iit T* + f^i2hi Hi + (3i2h2 Hi + II 

J* = (3jt T* + HI + pjh2 HI + J\ 

where the 22 coefficients jSu, ■■ ■, Pjh2 express themselves rationally and explicitly 
in terms of the a's right as follows: 

■= ^' 

„ — "thi °'h2'i2 +"*fc2 "''2^1 a ._ "h2''2°" 

Phi* ■— att(ah.ihi°:h2h2-"liih2°'h2hi) ' Phlhl ■— att (of ^ ^ ^ ^ Q^^ /i2 ~ "^1 ^2 °'»2 f^l ^ ' 

o -"h2''l a "tfc]^ "h^ h2 ~"tfe2 "^i ftl 

Phih2 ■— att(ahj^hia)i2''2~"'il'»2"'i2''l' ' '~ "t* ("fii fei "h2 ''2 ""hi h2 "''2 ' ' 

._ -"hih2"tt o ._ "hifei^tt 

Ph2hi ■— att{ah,-i^hi°:h2h2-"liih2°'h2h-i^) ^ P'l2h2 att (ctfc ^ ^ ^ Qfe^ /12 " "fij h2 "'>2 '»1 ^ ' 

o ~"thi "hih2 "fc2''+"*''l "hid°'h2h2 +"th2 "fe2''"''l''l ~"*''2 "''2''1 ~"td "fc2''2 +"td">il'i2 °''2''l 

o "hih2"''2'J"'*~"''l'i"''2>'2"** o ._ ~"fe2''"''l''l '^tt+ah2hi°'hid°'tt 

1 '~ att(c«fcj^;,j^Q^2h2~"'>lh2"'i2hi) ' ^''^ '~ « 1 1 h 1 fii h2 '»2 ~ 1 ^2 '>2 ^ 1 ^ ' 

^ ._ -"thi"feifc2°'i2'-+"t''l"''l'-"fa2'i2+"t''2°'i2'-"''l''l ~"t ^2 "''2 ^1 "fal J" 1 ^1 "''2 ^2 "''1 ^2 °'i2 ''1 

' att (ahj^/ij 0'h2h2~°'h-ih2°'h2h-i) ' 

a °'hih2°'h2r°'tt-ahir'^h2h2°'tt „ -"^2 "^l '>! + °'>'2 ^1 1 

Prhi ■— att(ahj^ftjQ!^2fi2~"'»l''2"''2'>l) ' P^'^'i '~ att (a^^ ftj fi2 ~"'>1 ''2 "'•2 '>1 ^ ' 
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a — Qthj "hj h2 "'>2»1 +°'tlii '^hiii "(12 ''2 +°'t'>2 "'»2»1 "hl^l ~°'th,2 "(12 ''1 "''1 »1 "hifei °'i2'i2 +"til "hih2 "'12 

°'tt{ahj^hi°'h2h.2 ""hi h2 "''2 ''1 ' ' 

„ "felh2"h2'l"'*~"''l'l°'i2>'2°** o, -"h2'l"''l''l °'tt+°'h2hi "hiii Qtt 

o — °^thi^ h;i^h2^h2 i2'^^tfi l^f^li2^ f^2f^2'^^^f^2 ^f^2 ^2^ 1^1 '^l~^if^2^ f^2 '^1^1^ 1^2 ~°^^^2^f^l f^l°^f^2f^2^^^i2 ^1^1 f^2^f^2f^l 

'~ <^tt{ah-ihi'^h2h2-"hih2'^h2h-i^) ' 

r, "feih2 "h2'2 ~"hl»2 "^2 ^2 °** o ._ ~"h2'2 "''1 '■1 "tt+a!h2hi "feii2 

Pl2'll att(ahihiCXh2h2-"hih2"h2hi) ' P'2'>2 Qtt (ah^ 01)12 '12 ~ "^l h2 "'>2 ^1 ) ' 



/3. 



— "tfel "hi h2 "''23"*"""'l "hi j"''2fe2 +"*''2 °'fe2 j"''! ^^1 ~"tfe2 °h2hi "hi j —"tjQfei "h2''2 +"*j°hlfe2 "''2''1 

' "tt (cihihi "h2h2 ~"hih2 "h2hi ) 



o "hih2"h2j°**~"''lj"h2h2"tt o -"h2j "hi hi "tt +"h2 hi "hij"tt 

^ ''1 "tt ("hi hi "h2h2 -"hih2"h2hi) ' ■' ''^ '~ "tt {"hi hi "hj h2 ""hi h2 "hj hi ) ' 



9.4. Expressions of the a., in terms of fiber variables. Of the mentioned four 
conditions, we will start by examining thoroughly (cl), namely ( [35] ). By express- 
ing, in terms of the basic frame T, Hi, H2, D, R, Ii, I2, J, each one of the 
5 X 3 = 15 equalities of the form [X,y] = [x, y]g for x = d,r, ii,i2,j and for 
y = t, hi, h2, we get at each time eight scalar equations (sometimes only seven, 
because one equation may reduce to just = 0). To set up these scalar equations, 
it suffices to expand any bracket of the form [V, aW] just as V{a) W+a [V, W~\ , 
to remind that any T, Hi, H2 trivially commutes with any D, R, Ii, I2, J and to 
expand any occurring Lie bracket between D, R, Ii, I2, J by means of the table 
on p. |69] Then the 15x8 equations in question read as follows, where we list the 
coefficients of T, of Hi, of H2, of D, of R, of Ii, of I2, of J rigorously in this or- 
der (incidentally, we drop exactly 2x5 = 10 trivial equations = which appear 
due to the fact that Hi and H2 have zero T-component by our above assumption): 



(1) 



[D, T] + 2r = 



D{att) + 2att=Q, D{athi) + 2oithi = Q, D{ath2) + '2ath2 = 0, D{atd) + 2atd = 0, 
D{atr) + 2atr = 0, D{ati-,) + 3au^ ^ 0, D{at^2) + Sau2 ^ 0, D{atj) + 'iatj ^ 0. 



(2) 



[D, Hi] +Hi = 



-D(ohihi) +«hihi = 0, D{ah^h2) + <^hih2 = 0, D(ohjd) + "hid = 0, D(ahjr) + "hir 
-5(ohiii) + 2ah^,j = 0, i5{«hii2) + 2ahii2 = 0' -6(0^^3) + Sa^ij = 0. 



^ 0, 



(3) [D,H2]+H2 = : 



D{ah2hi) + oih2hi = 0, D{ah.2h2) + O'hshs = 0< D{ah2d) + 0!h2d = 0, D{ah2r) + 0!h2 



D{ah2ii) + 2«h2n 

(4) I [R, f ] = 



^ 0, D(a,,2i2) + 2"h2 



^ 0' -0(0^2^) + 3a?i2 



: 0. 



i?(Qtt) = 0, i?(Qthi) = 0, i?(ath2)=0, i?(Qtd)=0, i?(at.) = 0, 
R{cttii_) + Qti2 = 0, R{au2) - ctti^ = 0, R{atj) = 0. 
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(5) 



[R, Hi] + H2 = 



R{ahihi) + ah2hi — 0, R(ahih2) + C(h2h2 ~ 0, R{ahid) + ah2d = 0, 

R{ahir) + Qfeai- — 0, R{ahiii) + cihii2 + oth2ii = 0, R[ahii2) — Ohin + «/i2i2 = Oi 

R{ah^j) + Qh2j = 0. 

(6) I [R, H2] -Hi=0 



Rioih2hi) — cth-^hi = 0, R(ah2h2) — cehih2 = 0, R{ah2d) — cth^d = 0, 

R{ah2r) — ahir — 0, R{ah2ii) + Clh2i2 — Ohin = 0, R{ah2i2) — OLh2ii — Olhii2 = 0, 

Riah2j) - oihij = 0. 



(7) [h,T] + Hi = : 



0, 



Ii{att)—0, Ii{athi) + cthihi — 0, Ii(ath2) + cih-^h2 — 0, Ii{atd) + an-^d = 0, 
/i(Qtr) + Q/iir = 0, hiati-^^) — atd + ahiii = 0, /i(Qti2) + Qtr + 
/i(Qtj) + 4ati2 + cthij = 0. 

(8) ^i] + 6^ = 



h{cehihi) = 0, /i(ahih2) = 0, /i(ah.id) = 0, /i(ahi,.) + 6 = 0, 
h{ahiii) — cihid = 0, /i (0(1112) + «hir = 0, Ji(ahij) + 4ahii2 = 0- 



(9) [h, H2]-2D = : 



/l(ah2hl)=0, /l(Q!h2'l2) = Ol /l(a/l2d) — 2 = 0, /l(Qh2'')=0l 

-^i(«h2n) ~ cth2d = 0, /i(a/i2i2) + "h2'' = Oi /i(ah2j) + 4ah2i2 = 0- 



(10) 



[I2,T] + H2 = 



l2{att)—0, hiathi) + ah2hi — 0, I2{ath2) + ceh2h2 ~ 0, h{atd) + ceh2d = 0, 

h{atr) + Cth2r = 0, hictti-^) — atr + 0!h2ii = 0, 12(0*12) ~ '^td + 01^212 = 0, 



0. 



h{atj) — 4atH + ah2j 
(11) I [T2, Hi] + 2D = 



/2(ahihi) = 0, /2(ahih2)=0, /2(a/iid) + 2 = 0, /2(Qhir) = 0, 
h{cthiii) — Qfeir = 0, I2{ahii2) — othid — 0, hicthij) — 4ahiii = 0. 



(12) 



[h, H2] + 6R = 



/2(Qh2hi) = 0, /2(ah2fe2) = 0> h{c(h2d) = 0, /2(a/i2i-) + 6 = 0, 
-'"2(Qh2n) ~ 0!'i2'- = 0, /2(ah2i2) ~ Q!/i2ti — Oi /2(ah2i) ~ 4Qh2ii = 0- 
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(13) \ [J,f]+D = 0\ : 

J(Qtt)=0, J(athj = 0, J(QthJ = 0, J(qw) + 1 = 0, 
J(Qt,) = 0, J(at,J = 0, J(at,J = 0, J{at,) - 2atd ^ 0, 



(14) 



[J, i/i] + Ii = 



^(ahihi) = 0, J(«hih2) = 0, J(ahid)=0, J(Qhir)=0, 
J(ahiii) + 1 = 0, J(ahji2) = 0, J(ahjj) - 2«hjd = 0. 



(15) [J, /?2]+/2 = 



^(ah2'ii) = 0, J{ah2h2)~0, J{ah2d) — 0, J{ah2r) — 0, 
J{ah2ii) = 0, J{ah2i2) + ^ ~ 0, J{ah2i) — '2ah2d = Q- 

We therefore get a system of precisely 1 10 first-order partial differential equations 
having the twenty-two unknowns au, ■ ■■ , cth^j in the space (x, u, v, a, b, c, d, e), 
and the differentiations only involve the five partial derivatives 
Importantly, this system is of first order and is lineai; hence this is the reason why 
its (large) solution set could be found rather quickly by means of Maple (13). The 
22 appearing functions Si, ... ,622 will be determined later: they now constitute 
the only remaining unknown part of ajt, . . . , a/i2i- 

Lemma 9.1. The general solution of the above system (1), (2), (15) of 110 

partial differential equations is polynomial of degree ^ 4 with respect to the five 
vertical variables a, b, c, d, e of the principal bundle P, and it involves 22 co- 
efficients 6i{x,y,z), 522{x, y,z) that are arbitrary (smooth) functions of the 
horizontal variables {x,y,z): 

au = {(? + (f) 5-22, 

ctthi = —{ad + be) 5ia + {ac — bd) 5i4, + {(? + d^) 621, 

Cith2 ~ —{ad + be) Sii + {ac — bd) S12 + {(? + d^) 820 
oitd = {-\bc - \ad) Si + {\ac - \bd) S2 + {\c^ + \d^) <5i5 - 2e, 
atr = (jc' + Id'') Si + (iac - ifed) Sr + (|c' + id') Sg - {^ad + i&c) <5io + 

+ (ic' + id')5i9 +36' + 3a^ 

atii = -(31^^+ jabc)Si + {-^abd+ ^a'c) + (^d'^ + ^c'd) 5:? + (|d'fe+ ^bc^) 54+ 
+ (ic^ + icd') Sr, + (|ac' + ifld') Se + {-^db" + ifcca) 87 - {\dcb + \ad^) 5s + 
+ {\bc + \d^b - \dca) 5g - {\bda + ^cb'^) Sio + (id'a + iac') S15 + 
+ (ic^ + icd') Si6 + (ic'd + id'') Sir + (id'fo + ifec') 5i9 + 2a'b + 2b\ 

atia = —{jbda + jcb^) Si + (-^db' + \bca) S2 + (^c^ + ^cd') ^3 + (-|ac' - |ad') 54+ 
+ (-ic'd - id^) S5 + (id'b + i&c') 56 + (-ifl'c + ifeda) 57 - ijdca + ifoc') ^8 + 
+ (-iac' + idcb - id'a) 59 + (ia'd + ^bca) Sw + {jbc^ + \d^b) S15- 
- (ic'd + id"*) Sie + (ic' + icd') Sir + (-iac' - id'a) 5i9 - 2a'' - 2a&', 
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atj = —{acb + ade) Si + { — edb + eca) 62 + {cb^a + ca"^ — db^ ~ dba^) 87+ 
+ {—d^ab + (?ab — dcb^ + dca^) Ss + {—2dcba + c'a^ + d^&^) ^9 
+ da'^ — d\? a — d? — cba^) Sio + (ed^ + ec^) 5i5 + 
+ (ad^ + d^b + dac? + cbd^) Sia + (— md^ + bd^ + d&c^ — c'^a) 5i7+ 
+ (d'' + + 2d^c^) (5i8 + (6^c^ + d^6^ + (?a^ + a^d^) 5i9 + 6a^6^ — 

-4e^+3a*' + 3b'', 

afeihi = (d)(5i3 - (c)(5i4, 
Qfeiha — {d)5ii — (c)(5i2, 

Qfe,d = (id)5i-(ic)52-2fe, 

Qhir = —(5c) 57 + (^d) 5io — 6a, 

a;,,,! = (iad) 5i - (iac) (Ja - {\c^ + |d^) 4 - {\bc) St + (id") + (icd) ^9+ 

+ (ifed) 5io - 4afe - 2e, 

= (36^)^1 - ijbc) 52 ~ {\c + id') 54 + (|ac) ^7 + (.\cd) Ss - (id") ^g- 

— (^ad) 5io + 3a' — 6', 

a^i^ = (de) 5i - (ce) ^2 - (|c^ + icd') (Jg + (|ac' + id'a) ^4 + (fd^ + ic'd) (Jg- 
— (id'b + ^fec') (56 — (a'c + cfe') (Jy + {—dca + d^b) 5s + {deb + d'a) (59+ 
+ (a'd + dfo') 5io - 8&e - 4a^ - 4afe', 

Q!h2fti = (c) (5l3 + (d) (5l4, 
Qh2'>2 ^ (c) ^11 + {d) 5l_2, 

cth2d = (|c) 5i + (id) (52 + 2a, 

"^har = (|d) (5? + (^c) Sio — 6b, 

(^h2n = (|ac) (5i + (iad) (52 + {\c + id') (54 + (i&d) 67 + (icd) Ss + (ic') ^9+ 

(ifcc) S\Q - 36' + a', 

Qh,,, = (ic6) 5i + (i6d) (52 - (ic' + id') (56 - (iad) 5r + {\c) Ss - {\dc) Sg- 

- (|ac) SiQ + 4ab - 2e, 

Oh^j = (ce) 5i + (ed) (52 + (id'' + ic'd) S:i + (i&c' + fd'b) (54 + (ic' + icd') S5 + 
+ (|d'a + ^ac') ^6 + (db' + da') (57 + (— ac' + dc6) (58 + (&c' + dca) (59 + 
+ (ca' + cfc') 5io - 4a'b + 8ae - 46^, 

where the coefficients 6k are only with respect to the horizontal coordinates x,y,u 
and are independent of the fibre variables. 

If we would assume that the functions a., would be independent of the hori- 
zontal coordinates, i.e. that the functions 6^ would be constant, then condition (cl) 
would hold. However, a major problem would occur when we would try to fulfill 
the normality condition (c3). Hence, the dependence of the a..'s with respect to 
horizontal coordinates should better be determined by annihilating all curvatures 
K^^'^ = of homogeneities h = 0, 1, 2, 3. We will achieve this task in the next 
subsections and it will require quite hard elimination computations. 
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9.5. Graded differential structure. Now, the choice of the seven coefficients 

au,athi,ath2,ahihi,ahih2,ah2hi,ah2h2 is governed by the geometr>0 of the 
graded tangent bundle T^M {TM/T^M). In fact, the five coefficients au 
must be fiber coordinates with respect to some fixed trivialization of T'^M © 
(TM/T'^M), which is a principal bundle. Given our two fixed complex-tangent 
local vector fields Hi,H2 G TiT^M) spanning T^M, the (9^., 9„)-pait of a 
first lift Hi must take account, in terms of the coordinates (a, b, c, d, e) of the prin- 
cipal bundle, of the non-uniqueness of the choice of a first vector field in r(T'^M). 
Thus, the (S^,, 9^, 5u)-part of Hi must be of the form cHi + dH2. Next, the 
{dx,dy, du)-pait of H2 must be equal to J{cHi + dH2) = —dHi + ci?2- With 
this, the coefficient au must be equal to the {dx,dy,du)-part of [Hi, H2] , whence 

au = + d^ necessarily. Finally, the choice of the (9^., dy,du)-ps^^ of T, as a 
section of the quotient TM /T^M , can still be made up to an ai^bitrary linear com- 
bination —a Hi — h H2, whence ath^ = bd — ac and ath2 = —ad — be. In summary, 
for geometric reasons, we must have: 

au = + d'^, athi = bd — ac, ath2 = —ad — be, 
< oihihi = c, a/ii/i2 = d, 

which means, equivalently, that seven of the functions 6,, are akeady completely 
determined. 

hi = ^2 = 1, ^2 = ^3 = ho = hi = 0, 5i4 = -1. 

The remaining 15 undetermined coefficient functions 6k will be determined pro- 
gressively (and uniquely) by subjecting them to the conditions that the wanted Car- 
tan connection be normal and regular. In particular they should be determined such 
that all curvatures K[h] in the four homogeneities h = 0, 1, 2, 3 should be zero. 
The next subsections are devoted to inspecting these conditions, until we examine 
homogeneities /i = 4, 5, for which we shall take account of the Bianchi-Tanaka 
identities, too. 



9.6. Brackets between horizontal vector fields. For our access to Cartan curva- 
tures, we need as a tool to compute the Lie brackets between the three horizontal 
vector fields Hi, H2, T whose coefficients au, ■ ■ ■ , ah2j, still unknown, are to be 
determined so as to simplify curvatures. Thus three brackets [Hi , H2] , [Hi , T] , 



The authors would Uke to thank Ben McLaughUn and Gerd Schmalz for their helpful expla- 
nations in this regard. 



78 



Mansour Aghasi, Joel Merker, and Masoud Sabzevari 



\H2 , T] must be considered, and they all are of the general form: 

[aT + l3Hi+-iH2 + 5D + pR + \h+ ^lI2 + vJ, 

a'T + 13' Hi+y H2 + 5' D + p' R + X' h+ ^' h + ly' J] = 

= [aT + l3Hi+jH2, a' T + 13' Hi + j' H2] + 

+ [aT + 13 Hi + -I H2, S'D + p'R + X'h+fi'l2 + iy'J] + 

+ [5D + pR + Xh+ ph + vJ, a' T + 13' Hi + -1' H2] + 

+ [5D + pR + XIi+ ph + vJ, 5' D + p' R + X' Ii + p' I2 + ly' J]. 

Applying bilinearity, any obtained bracket of the form [cl)X, TpY] then expands as: 

[<AX, ijY] = 0V [X, Y] + <AX(V') Y - i;Y{(^) X, 

and for the brackets in lines 2 and 3, all first terms cjiil) [X, Y] vanish. After a 
reorganization using the commutator rules between Hi, H2, T and those between 
D, R, Ii, I2, J, we obtain that this general bracket equals: 

(aT{a') + l3Hi{a') + jH2{a') - a'T{a) - f5'Hi{a) - f'H2{a)- 
- - q'/J)*! - (07' - a'7)'I>2 + 4(/37' - (3'y) + 

+ 5D(a') + pR{a') + \h{a') + fihia') + uj{a') - 5' D(a) - p' R{a) - X'li{a) - fi' hia) - v'j{a)^ T+ 
+ {aT(p') + pHiiP') + 7H2(/3') - q'T(/3) - P' H^(P) - ^' H2{P)+ 

+ 5D(/3') + pRili') + \h{l3') + philB') + vJiP') - S'DiP) - p'R{l3) - X'h{(3) - p'hW) - v'JiP)) Hi + 
+ (aT(7') + /3Hi(7') + 7^^2(7') - a'Ti-f) - /3'Hi(7) - j'H2{y) + 

+ 5D{-y') + pR(j') + A/i(7') + phi^f') + - 5'D{j) - p' R{-y) - X'h{-y) - p' hil) - v'. ](-,)) H2 + 

+ (aT(5') + l3Hi(5') + ■yH2{S') - a'T{5) - l3'Hi(5) - ■y'H2{S)+ 

+ 5D(5') + pR{5') + Xh{5') + phis') + uj(5') - 5'D{5) - p'R{5) - \'h{5) - p'hiS) - u'J{S)^ D+ 
+ {aT(p') + fSHiip') + jH2(p') - a'T{p) - P' Hi(p) - y'H2{p)+ 

+ &D(p') + pR(p') + Xh{p') + phip') + uJ{p') - S'D{p) - p'R{p) - X'hip) - p'hip) - y'Jip)) R+ 
+ (qT(A') + l3HiiX') + 7//2(A') - a'T{X) - P' Hi{X) - H2{X} + 

+ SD{X') + pR{X') + A/i(A') + phiX') + uJ{X') - S'D(X) - p'i?(A) - A7i(A) - p' hiX) - u'j{X)+ 
+ SX' -5'X- pp' + p'pj h + 

+ [aT{p') + l3Hi{p') + ■yH2ip') - a'T(p) - P' Hi{p) - H2{p)+ 

+ SD{p') + pR{p') + Xh{p') + phip') + uJ{p') - 5'D(p) - p'R{p) - X'h(p) - p'hip) - u'J{p)+ 
+ Sp' - S'p - pX' + p'a) I2+ 

+ (aT{y') + l3Hiiu') + 7^2(1^') - q'TH - l3'Hi{u) - -1' H2{y)+ 

+ 5D{u') + pR{u') + Xhiu') + phiv') + uJ{u') - S'Diu) - p' R{u) - X'h{u) - p' hiu) - u'j{u)+ 
+ Su' -S'u- AXp' - 4:X'p) J. 



9. Effective Construction of a Normal, Regular Cartan-Tanaka Connection 



79 



As will be useful later, in order to get for instance [Hi, T], it suffices to re- 
place in this expression a, /3, . . . ,v by 0, ahjhi, ■ ■ ■ , cthij and a' , /S' , . . . ,1^' by 

Now we are ready to start the computation of the curvature components. To 
do this, recall at first that the curvature function k as an element of the space 
^^(g_,0), splits up in components of various homogeneities. In the case of our 
Lie algebra: 

= 0-2© 0-1 © 00 © 01 ® 02, 

the minimal homogeneity occurs when we one considers the value of k on (hi, 
in 0_2 = 0-1-1+0- So the minimal homogeneity of k is zero. On the other hand, 
the maximal homogeneity occurs when one considers the value of k on (hi,t), 
i = 1,2, in 02 = 0-1-2+5- Hence the maximal homogeneity is five. Now let, 
^PjiPj2 j-j^g coefficient of in ^(pji , Pj2), for € 0jj , pj^ € 0^2 and G Qj, 
where naturally ji, j2 < 0. Hence if h = j — [ji + j^), then clearly the h- 
homogeneous component of the value of K{pj^ , Pja) is: 

^lh]{Ph,Pj2) = Yl '^T^'^^i- 

h=j-{j\+j2) 

Any coefficient Kg^^^^^ is called a curvature coefficient of homogeneity h. From 
Proposition 18.141 we know that every occurring curvature coefficient ti'qf^'''^ is 
equal to: 

= Q*{[Pn.Pn]-[^n\)- 
Let us list the curvature coefficients corresponding to our sought Cartan connec- 
tion, according to their homogeneities: 






hih.2 




- 4f) 





hit 
"2 









^h2' 


R'{[H2,f]) 




hih.2 


= m{[Hi,H2] 


- 4f) 





hoi 


m{[H2,f]) 







hih2 _ 


= J*{[Hi,H2] 


□ 


h-\ ho 
n-2 


= h;{[Hi,h2] 


- 4f) 





/lot 


m([H2,f]) 







hit 




□ 


hit 
l^t = 


--f'{[m,f]) 







h-i ho 

^ii ' - 


= n{[HuH2] 


- 4f) 





hit 


l2{lHl,f]) 





hot 

Kt = 


--f'{[H2,f]) 







h-i ho 

' 


= T;{[HuH2] 


- 4f) 





hot 


Il{[H2,f]) 





h-\ ho 

i^d - 


= D'{[Hi,H2] 


- 4f) 





hit 









hot 


l2{[H2,f]) 







= _R*([i?i,i?2l 


-4f) 





h2t _ 
^d — 


D*{[H2,f]) 







hit 


J*{[Hi,f]) 





hit 


--HUlHi.T]) 







^hit _ 


R*m,f]) 







hot 


J*{[H2,f]) 



From now on, our aim will be to compute all of these 24 curvature coefficients and 
to determine the functions a., in conformity with the properties they are subjected 
to. 



9.7. Homogeneity 0. In this homogeneity, we encounter only one curvature coef- 
ficient: 

^hih2 ^ f*{[Hi,H2] - 4f ) = —{4:ahihiah2h2 - 4a/iih2«ft.2/ji) - 4, 

att 
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which is in fact the t-component of the value of the curvature on (hi, as a g- 
valued bilinear map. In order to satisfy the regularity condition (c4), this curvature 
component should vanish. Hence we should have: 

O^tt ^h\h\(^h2h2 (^h\h2^h2h\- 

But this equality is automatically satisfied, as one sees by coming back to the ex- 
pressions of a., introduced after Lemma 19.11 Therefore, the desired condition 
K[o] =0 holds. 

9.8. Homogeneity 1. In this homogeneity, we have four curvature coefficients, 
while, according to the regularity condition (c4), all of them should vanish. A 
detailed and latex-ed calculation gives: 

=i?r([i?i,i?2]-4f) 

— ah2d D{ah-^h.i) — Qhar R{ahihi ) — Q/ign — Qfe2'2 -^2(Q'hifci) „~ 

— 0'h2j J jo'hihi) ^ + ahih2 H2{ah2hi ) J + Ph-ih2 {ahihi Hl{ah2h2) ^ — Qfe2hl -^l(Q'tl^2) „ + 

+ Olhih2H2{oih2h2) ^ — Oih2h2H2{cehih2) ^ — Qhad -^(ahj^h^) —ah2r R{ahih2) —Ceh2ii h{cehih2) ^ 

-Qhlfea ~°'h2h2 

— Qfe2i2 /2(Qhih2) „ — Q/l2j '^("ftlfe2) „) + Phit{4:ahihiCth2h2 " 4ah;^ Q!'J2 hi ) ■ 

41'^^- =HUlHi,H2]~4f) 

= —Ohid + l3h2hi{ahihiH-l{ah2hi) — ah2'Ji-ffl(Qftihi) — 0.h2h2H2{othihi) — 



— ah2d D[oihihi) —ah2r R{cehihi ) ~ah2ii h{ahihi) ^ ~ Q/i2i2 -^2(Qhifei) „ ~ Qfe2j '^("feifei ) „ + 

— '^hihi ~(^h2hi 
+ ahih2 H2{ah2hi ) J + Ph2h2 (Qfeihi -H'l(aft2fe2) „ ~ Qfe2hl -^l(Qhlfa2) „ + "hi ^2 -^2 (Qfa2 ^2 ) „ ~ 

— Q!J,2'l2-H^2(ahi;i2 )^ ~ 0-h2d D{a.hih2) —Oh2r R{ahih2) —0'h2ilIliOihih2)^ ~ 0-h2i2^'i{'^hih2) ^ 

— <^hlh2 —<^h2fi2 

— ah2j Jio!hih2) J + I3h2t{4:a!hihiah2h2 - 4ahi?i2afi2'ii) • 

K^' = f-([i?i,f]) 

— — 2ahjd + /?tt(4Qhjhjath2 + ahihiOitt^i + ahihi Hi{att) ^ — 4ahjh2'^t'ii + 

+ ahxh2(^tt'^2 + a-hxh2il2{(y-tt) )• 
o' 

K^'=f*([i?2,f]) 

= ~2ah2d + Ai(4a/i2hi'^th2 + 0:^2^1 Qtt$iQfe2fai -^i("") „ —40^2,1204^^ + 

+ ah2h2«"'^'2 + afe2h2 -^2(«ii) ^)- 

Here remind that in Lemma 19.11 we saw the exact expressions of the functions 

Qfj,at/ii,af/i2,a/iihi,a/ii/i2>«/i2/ii'«/i2?<2 and visibly, they were independent of 
the horizontal coordinates. Hence the value of the horizontal vector fields H\ , 
and T on these functions vanish, as is made visible by a specific underlining in the 



9. Effective Construction of a Normal, Regular Cartan-Tanaka Connection 



81 



above calculations. Moreover, we have replaced the the values of the vector fields 
D, R, Ii, I2, J on the concerned functions a., by just using the 110 equations 
stated before Lemma lOTI Furthermore, we notice here that the functions /?,. are 
the coefficients of the dual basis introduced in Subsection 19.31 After simplifying 
carefully these four expressions, we get: 

^hl''^ = ( - 4athjC - 40(^2^+ {ahir + Cih^d)c^ + (o^ir + ah^d)d^) Ii'? + d^) 
fcf 2* = -{Aathi c + 2ah^ac^ - $2C=' + Aath2d + 2ah^ad^ + + ^-ic^d - 'S>2C(f)/{c'^ + d^) . 

Now as said, all these curvature coefficients should vanish. Looking at the above 
expressions, we realize that one encounters exactly six undetermined functions 
a/iid, ah^d, ahir, ah2r,athi and ath2- But if we replace athi = bd - ac and 
ctth2 = —ad — be hy the values which were akeady ascribed in Subsection 19. 5t . 
we ai^e left with exactly four a,,. We therefore see that for these four curvatures to 
vanish, it is necessary and sufficient that: 

at^d = -26 + ^^ic + i$2d, ah2d = 2a + i^>2C - 

"hir = -6a - i$2C + l^id, ah2r = -66 + ^^ic + ^$2^. 

Due to the existence of the functions <I>i and $2 in the last four expressions, one 
recognizes that the four functions a/jj rf, afi2,d, «/ii,r> Oh2,r really depend on the 
horizontal coordinates for i = 1, 2. 

On the other hand, these four functions ah-^d, cth2d, cthir, Oih2r should also be of 
the form introduced in Lemma l9n namely we should have: 





Othid 












Cthir 









-26+ i$ic+ i$2d= -ic& - 2b+ySi, 
2a + i$2C - i-l>id = (ic) Si + (id) S2 + 2a, 
-6a - i$2C + i$id = -(ic) S7 + (id) Sm - 6a 
-66 + i-l-ic + i$2d = (id) Sr + (ic) Sio - 66. 



By plain identification, these four equations immediately determine the values of 
four of the functions S, as follows: 



5i = 2^>2, 52 = -2$i, 57 = $2, 5io = $1. 
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9.9. Homogeneity 2. In this homogeneity, we encounter the following six curva- 
ture coefficients that should be annihilated in order to satisfy the regularity condi- 
tion (c4): 

^^d'"' = 5*([i?i,i?2] -4f) 

= 2ahiii — H2{ahid) + oihih2H2{a.h2d) + ahihiHi{ah2d) + Pdhi {ahihi Hi{ah2hi) ^ — 

— ah2hiHl{ah-ihi)^ — Oih2h2H2{ahihi) ^ — ah2d D{ahihi) — Ohar -R(«hihi ) ^Ceh2iih{ahihi)^~ 

— Q?12i2 -^2(Qhlfel) „ ~ Qhaj J(Qftihi) ^ -I- Qhife2 -^2(Qfe2hl) „) + Pdh2 [ahihiHjXoih^h^l^- 

— ah2hiHi{oihih2) ^ — Cihih2H2icth2h2) ^ — Q/i2 ^2 -^2 (cVhi ha ) ~ "had D{ah^h2) —Cih2r R{cehih2) ' 

~°'h^h2 -"h2h2 

— ah2ii h{ahih2) - Qh2'2 -^2(Qfeifc2) — Qfe2j -^(Qfeifc2) ) + Pdt{4ah 
K^'^^ = R'-{[Hi,H2]-'if) 

= -6ahji2 ~ -H'2(Q!hir) + ahih2H2{ah2r) + OlhihiHi{ah2r) + Prhi (Qhifei -H"l(Qfe2fel) „~ 

— ah2'Jl-f^l('^'ilhl)j^ ~ ah2h2H2{cthihi) ^ — Ceh2d D{ahihi) —Ohar -R(«hihi ) "Qhan A (Ohi hi )^ — 

— Q!h2i2-^2(Qhihi)^ — Q!h2j'^(Q^hihi)^ + Oh i h2 -^2 (ah2 hj ) ^ ) + /3rh2 ("hi hi -ffl (Oha h2 )^ " 

— ah2hx H-l{ahih2) ^ — Qhih2 -H"2(Qh2h2) „ — Qh2fc2 -^2(Qhih2) „ " "h2ti -C'(ahih2) " Q^h2r R{ahih2) ' 

-Qhife2 -«'i2''2 

~ Q^h2ii h{ahih2) - Qh2j ^(Qhiha) ) + Prt{4:Cth -4ahih2ah2hi), 

<' = iyr([Hi,f]) 

= -Ohiii + ^hihi (Qhihi -ffl(Qthi) ^ — Qtfei -H"l(Qhihi) ^ — Qtfe2 -^2(Qhihi) ^ - Qtt r(Qhihi) ^ — 

— atd -D(Q!hihi ) — Qtn /i(Qhihi) ^ — Qtz2 J2(Qhihi) ^ — atr-R(ahihi) — at j J(Qhihi ) „) + 

+ /?hih2 (Qhihi -H"i(Qth2) „ ~ Qfhi J^i(ahih2) „ + cthih2 H2{ath2) ^ — Qth2 -H"2(Qhih2) „~ 
^ Qtt r(Qhih2) „ — Qtd -D(ahih2) — "tr R{ahih2) — Qtii Ji(Qhih2) „ — ati2 h{ahih2) ^ — 
-ihiha -"'•2'>2 

— Qfj J(Qhih2) „) + /?hii(4ahihiQ!th2 +ahihiatt$i — 4ahjh2at;jj + ahih2att^2), 

<*=//2*([//l,f]) 

= — fthiia + /3h2hi (Qfeihi -H'l(Qfhi) ^ — Qtfei -ffl(Qhihi) ^ — Qth2 -^2(Qhihi) ^ — Qtt r(Qhihi ) ^ — 

— Otd I)(Q!hihi) — Qtii Jl(Qhihi) ^ — Ctti2 -f2(Qhihi) ^ — atr R{a.hihi ) — Qfj J(Qhihi) ^) + 

— °'hihi -"/i2hi 
+ /?h2h2 (Qhihi -H"l(Qth2) „ ~ Qthi -H"l(ahih2) „ + Qhih2 -^2(Qth2) „ ~ Qth2 -H"2(Qhih2) „~ 

— Qtt r(Qhih2) „ - Qtd -D(Q!hih2) ""f R{ahih2) — QfH /l(Qfeih2) „ — Qti2 -^2(Qhih2) „- 

~^hlh2 ~'<^h2'i2 

— atiJ{oihih2) ) + /3h2t(4ahihiQ!th2 + ahihiQtt'I'i — 4ahjh2athj + ahih2att'3?2), 
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= m{[H2,f]) 

= —ah^ii + Phihi {ah2hi Hi{athi) ^ — athiHjXoMinl^ ~ Qtfa2 -^2(Qh2fci) „ ~ cttt T{ah2hi) ^ — 

— atd D{ah2hi ) —cttr R{oih2hi ) —ctui h{ah2hx) ^ — ati2 h{ah2hi) ^ — Qtj J(Qfe2fei) „ + 

+ ah2hi H2{athi) ) + I3hih2 {ah2hi Hi{ath2) Q^t/il-^^l (0^/12^2) ^ C^h2h2^2{^Otth2^ 

— Qtfe2 -^2(Qfe2fc2) „ ~ Cttt T{oih2h2) ^ " ^td -^(ahjfej) — Qtr -R(afi2'»2) " Qtil -^1 (Qh2 ft2 ) „ ~ 

-0!h2'>2 "'•l'>2 

— Qfi2 -^2(Qh2ft2) „ — Qtj J(Qfe2fc2) „) + /3hl*(4ah2'!lO!th2 + Q!h2 hi Qtt "^l — 4ah2 ^2 Q^fj 1 + ^^2 'J2 C*" ^2) , 

= /f2*([//2,f]) 

= — ah2i2 + /3'l2'll (Qfa2fcl -^l('^tfcl) „ ~ Qtfai -ffl(Qh2fcl) „ ~ Qtfa2 -^2(Qh2fcl) „ ^ Qtt r(Qfc2 ^1 ) „ ~ 

— Qtd D{ah2hi ) — Qtr R{<^h2hi ) —atix h{cih2hi) ^ — Qfi2 -^2(afe2fcl) „ ~ Qtj J(Qfe2fel) „ + 

+ Qh2hl -^2(Qihi) ^) + /3h2h2 (Qft2fel -^l(Q^th2) „ ~ Qtfci (^^2 ^2 ) „ + Qh2 ^2 -^2 (Qthg ) „ ~ 
^ Qt;i2 -^2(Qfe2fc2) „ ~ Cltt T{ah2h2) ^ — Cttd D{ah2h2) —Ottr R[oih2h2) ~Cltii h{ah2h2) ^ — 

~^h2h2 '^fil'^2 

— Q.ti2 h{ah2h2) ^ - Qtj ./(Qfe2fe2) „) + /3h2t(4"h2'>l'^t'>2 + Q!h2'JiQ^tt'J'i ~ 4ah2h2athj + ah2'>2"tt'^2), 

Before simplifying the above expressions, we notice that the expressions of the four 
functions a/ijd, ah2d' tthir> o-h^r obtained in the previous subsection enable us to 
identify how the three horizontal vector fields Hi, H2,T act on them as first-order 
differential operators. Because these vector fields only differentiate with respect to 
(x, y, u) and not with respect to (a, c, d, e), we have, for any for Y = Hi,H2,T: 

Y{ah,d) = iy($i)c + iF($2)d ~ 2b, Y{ah2d) = i($2)c - + 2a, 

i'Ki,-) = -iy($2)c + ^^('I'Od - 6a, Y{ah2r) = ^^(■I'Oc + iy($2)d - 6&. 

Moreover, we can find the expressions of H2{ahid) and H2{ahir) which appear 
above in the expressions of the two curvature coefficients K^^^^^, k!J:^^\ coming 
back to the definition of the vector field H2 in Subsection |93J 

H2{oLh^d) = OLh2hiHi{oLh^d) + ah2h2H2{ahid) + OLh2d D{ah^d) +a/i2r R{ahid) +ah2i2 h{Q.hid) + 

— Oihid ~°'h2d -2 

+ Qh2il -^l(Qfeld) „ + Qh2j '^(Qfcld) „ 

- 2ah2i2 + (|-ff2($i) - i<E>i$2)c' + (-iJi-i($2) + ^^i^2)(f + Wab - 2$2ad+ 
+ 4-l'26c - 2$iac - 4$iM + + iH2($2) - - ^Hi{$i))cd 

H2{ahir) = Clh2hiHl[ahir) + ah2h2-f^2(a/,ir) + a/i2d -D(ahjr) +Qh2'- R{<^hir) +ah2ii -^l(ahir) + 

— ifijr — afe2'' ~® 

+ Qh2i2 -^2(Qhir) ^ + Qh2j -^(Q/iir) ^ 

= -6ah2«i + (-^i^2($2) - |<E>? + \^1)C + (i<E>? - i$? - iffl($l))d" + (-'1'1$2 + 

+ iHi($2) + i-ff2('l'i))cd+ 12a^ -366^ +4<l>2ac-4<l>iad+6$i6c + 6$2M. 
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Thanks to these preparations, we are now in a position to simplify the six curvature 
coefficients of homogeneity 2, and careful calculations give at the end: 

4^''=^ = 2ah2«2 - 4atd + 2ah,n + |( ^ Hii^i) + Hi{^2))c + i ( - i/2($i) + //i(*2))d' + 
+ 2($i6rf — <l>2&c — $iac — <l>2ad), 

= -6Qh,,, + 6Qh2«i - 4at. + i(f/2(<E>2) + //i($i))c' + 1(J/2(<E>2) + (//i)<E>i)d' + 
+ 24a^ + 246^ + 2$2ac - 2'l>ifec - 2cE>iad - 2$2M, 
^h\^ = °'t<i ~ <^hiii + 'I'lac + $2ffld - 4ab, 

'^hi* = "Q^f ~ "h2!i + 'J'2"C - $iad + 4a^, 

Kft^' = ~ «'>2i2 + 'l^zbc - $i6d + 4a6. 
Inspecting these six equations, we see that there are exactly six undetermined func- 
tions atd, atr, cthiii, ahii2 >a/i2n' 0^/12*2 • Thus, we might to fully annihilate the cur- 
vature of homogeneity 2 by solving this system of six equations in six unknowns. 
But unfortunately, the solution set of this system, as it is written here, happens to 
be empty! 

Temporarily, let us omit the first equation involving the curvature coefficient 
K,'^^^^ and let us solve the remaining system of five equations with six unknowns. 
The obtained solution set of this system reveals that vanishing of this new system 
is independent of the function 0/1212- Consequently, 0/1212 ^^'^ we then 

determine the remaining five functions atd, o-tr, othiii, 0/1112 > Oh2ii according to 
this subsystem of five equations. 

On the other hand, reminding Lemma lOTI 0/1212 should be of the form: 

ah2i2 = ~ |d^)56 + jSsC^ - jSgdc - i$iac + 4ab - i$2ad + i$2bc - - 2e. 

and furthermore, the obtained values of the five functions in question should iden- 
tify to: 

cttd = Cih2i2 — ^^bc + <J>i6d - 4ab 

= -i(c^ + d^)56 + jS»c^ - jSgcd+ - i<I>26c- |$iac- i$2ad- 2e, 

atr = 3(a2 + &') + 3L(iyi($i) + i?2(-I'2))c' + ±{Hi{^i) + H2{$2))(f + 

+ i ($2ac — $i6c — $2^ — ^lad) , 
O-hiii = cth2i2 + '^lO-c — $2^0 + $i6d — 8a& + "I>2ad 

= {-\c - \d^)5fi + \5fiC - \5gcd + \^i_bd ~ i$2&c + i$iac + i$2Cid - 4ab - 2e, 
ah,i2 = 3a' - + + //2('l>2))c' + i(//i(<l.i) + //2($2))d' + 

+ I (<f>2ac + $2M + $i&c — $iad) , 
ah2i^ = a' - 36' + ( - 3^iyi($i) - 3^//2($2))c' + ( - - ;^i?2(<E>2))d' + 

+ i$2bd + i$i6c + i$2ac - i$iad, 

after the necessary simplifications. These five equations guai^antee the vanishing 
of the five curvature coefficients k^^^'^,k^^, k^^*, k^_^ , but still, it remains to also 

annihilate the first, left aside, cui^vature coefficient k|J^^'. But replacing the above 
expressions in the expression of this curvature coefficient, we get: 

^H^H2 ^ ( _ ^ \m{^2)y + ( - ii/2($i) + \m{^2))d\ 
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Fortunately, this last expression vanishes thanks to the fact that the two functions 
-f^i(^2) = ^2(^*1) are equal, which was already seen in Lemma 163] 

Now, we are sure that the above determination of the functions atd, onr, a/iin, 
"/iii2' ct/^2^l^ '^h2i2 annihilates all the curvature components of homogeneity two, 
which is what was announced in the regularity condition (c4). Lastly, we also have 
to take caie of the condition (cl). Similarly as in homogeneity one, reminding 
Lemma |9m an identification gives: 



atd 



atr 



8'- 



1 j2 

8 



i<l?iac 



$2ad- 2e 



ah. 



ah-. 



- 2(-ifec - iad) $2 - 2(iac - ifcd) $1 + (ic" + id') S15 - 2e, 

3a' + 36' + + ^H2($2))c' + i^Hii^i) + ii?2($2))d' + i$2ac- i$i6c- 

i$2M- i$iad 

: (ic' + id') 54 + (ifflc - ifod) $2 + (ic' + id') Sg - (iad+ i&c) $1 + (ic' + id') <5i9 + 36' + 3a', 
• ~ |d')(56 + jSgc^ - \S,)cd + i$ibd - i$26c + i$iac + i$2ad - 4ab - 2e 

= 2(iad) $2 + 2(iac) $i - (ic' + id') 5e - (ifcc) $2 + (id') 5s + (icd) ^9 + (ifod) $1 - 4a6 - 2e, 
: (3^i?i(<E'i) + 3^Ji'2(<E'2))c' + (;^Hi($i) + 3^J?2($2))d' + i$2ac+ i$2M+ 

i$ii)c — i<l>iad 

= 2(i&d)$2 + 2(i6c) $1 - (ic' + id') ^4 + (iac) $2 + (jcd) 5s - (id') 5g - (iad) $1 + 3a' - fe', 
: a' - 3&' + ( - 3^i^i($i) - 3^//2($2))c' + ( - ^Hii^i) - ;^ff2(-I>2))d' + i$26d+ i$i&c+ 
i<|j2ac - i$iad 

2(iac) $2 - 2(iad) $1 + (ic' + id') S4 + (ifcd) $2 + (jcd) Sg + (ic') S9 + (ifoc) $1 - 3fe' + a'. 



The right hand sides of these equations are the expressions of the mentioned func- 
tions as in Lemma [9711 after the possible simplifications. Inspection of this system 
shows that it will be satisfied whenever one has: 



atd 



atr 



ahi 



ahyi2 



ah-. 



~^56 + jSs ^ ^5i5, ~^5(i = j5i5, ijg 
^ffl($l) + 3^ 7^2(^2) = ^5i + i^g + i5i 

: —^5e + j5s = —^56, —^S(i = 

: 3^i?l(<i>l)+3^i/2($2) = -i54 



2 

i^e + j5s, 



-j^mi^l) - ^H2{^2) = i<S4 + i<59, -^i?l($l) - H^2($2) = 



5s = 0. 



One immediately checks that this system has the following solution set which guar- 
antees that our computations in this homogeneity aie in direction of satisfying both 
of the conditions (cl) and (c4): 



<56 = 58 = (^9 = <5l5 = 0, ^4 = -\Hi{^i)-\H2{^2). <Jl9 = ^ii'l(^l) + ^i?2($2). 
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Finally we obtain: 

atd = ^{bd- ac)^i - i$2(&c + ad)$2 - 2e, 

atr = ;i(Hi(-I'i)//2(4>2))c^ + + H2{^2))d' - i(ad+ bc)*i + - M)«'2 + Sa^ + 3b^ 

Q!hiii = ^(M + ac)$i — K&c — ad)$2 — 4a& — 2e, 

= j^{Hii^i) + H2{<i>2))c' + -L(i/i($i) + i/2(-I'2))d" + i(bc - ad)<l>i + i(ac+ 6d)$2 + 3a" - 6^ 
"h2ii = + 'f^2(4'2))c'' - ^{Hii^i) + H2(^2))d^ + \(bc - ad)$i + i(ac + M)$2 + a" - 3&', 

0'i2i2 = -|(ac + 6d)$i - i(od - 6c)"I>2 + 4o6 - 2e. 



9.10. Homogeneity 3. In this homogeneity, we have exactly six curvature coeffi- 
cients: 

4^*^^ = /r([i?i,i?2]-4f) 

= --H'2(a!hiiJ + a/iih2-ff2(ah2n) + Qhihi-f^'i("h2n) + Aihi (Qfcifei -^i("fc2hi) „~ 

— a!h2hi-f/'i(ahjhj)^ — ah2'J2-'^2(Qhihi)^ — ah2d -^(ahjhj) — ah2r ) — Qh2!i 

— ah2i2-^2(Qhihi ) — ah2jJ^(0hlftl) + ahih2-ff2(Q!h,hi) ) + /3iih2 (ahlhl-?^l(ah2h2) ~ 

O O o ' ^ o 

— Qfe2hl -^l("fclfe2) „ ^ ahih2 H2{ah2h2) ^ — Qh2fc2 -^2(Qfeih2) „ " '^h2d -C(ahih2) " Qh2r R{ahih2) " 

-afilfe2 -"'i2'>2 

— afi2ii Jl(Qhife2) — Qh2'2 -^2(Qfaih2) — Qfe2j-^(Qfelh2) ) + ft 1 1 (4Qfei fai Qft2 ^2 " 40^^ ft2 Qfe2 ^1 ) I 



<^'^ =?J([i?i,i?2]-4f) 

— Qhi j — H2{ahii2 ) + Cthi;i2 -^2 (0(12*2 ) '-'^'il hi ) + fta^l ("'!lhl-^l("h2'!l) ^ 

— afe2fei -H"i(a/ii;ii ) ^ — ah2h2 H2{ahihi) ^ — ah2d D{ahihi) — ah2r -R(ahihi) — Q;i2n-[i(afei_hi2„~ 

— — CK/12'ii 

— Q?t2'2 -^2(Qhi;ii) ^ — Qfa2j '^("ftlfel) „ + Qhlfe2 -^2(Qfe2fcl) „) + /5i2'i2 ("ftj fej -^1 (Qfe2 ^2 ) „ ~ 

— Qfe2hl -^l("ftlfe2) „ ~ Qfeife2 -H^2(Qfe2fc2) „ ~ Qfe2fc2 -^2(Qfeifa2) „ ~ "'12^ -^(0(11^2) ~Cth2'- R(ahih2) " 

-ahjh2 -^^2)12 

— ah2n-^l(Q^hl'l2) — ah2i2-'"2(Qhlh2) " a/l2i '^(o^'il h2 ) ) + /3l2 1 (4Q;ii 0^2 ^2 ~ 40^^ (12 C*'i2 ^1 ) 1 



^hii ^ ^ -Ohij — T(Qhid) + ahih2H2{atd) + ahihiHi{atd) + Pdhi {ahihi Hi{athi) ^ — 

— athi Hi{ahihx) ^ — Qtfe2 -^2(Qfeifei ) ^ — Qtt r(Q/ii/ii ) ^ — Qtii /l (Qfeifai ) ^ — Qti2 -^2(Qfeifti ) ^ — 

— atd £)(a/ijhj ) — Qtr -R(Q;iifei) ^ — Qtj J(Qfei;ii) ^) — Pdh2 [atd D{ah-ih2) +atr R{ahih2) +ahihiHjXath^^ — 

+ Qthi-ffi (0(11/12) — Qhih2-ff2 (04/12) + Qth2-H'2(Q;ii;i,) + Qttr(Q;ii/i2) + ^(^^(a/ii/i,) + 

□ □ — o □ — o 

+ Qti2 -^2(0/11/12) + atj J{ahih2) ) + Pdt{4:ahihiath2 + ahihiau^i - 'iuhihiathi + ahih2«tt4'2) , 
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^h2t ^ D*{[H2, T]) = -cth2j - T{ah2d) + ceh2h2H2{atd) + ceh2hiHi{atd) + Pdhi {cth2hi Hi{athi) ^- 

— athi Hi{ah2hi) ^ — Qtfe2 -^2(Q'fe2fei ) „ ~ cttt T{ah2hi) ^ — Qfi2 -^2(Q^2fti) „ ~ Qtn -^i(Qfe2fti) „^ 

— atd D{ah2hi) —atr R{ah2hi ) —atj Jiah2hi) J — Pdh2 (^td D{ah2h2) +atr R{ah2h2) —ah2hi Hi{ath2) ^ + 

-0!h2'>l "'•I'M ""'•2'>2 °'h-^h2 

+ Qthi -H'l(Qfa2'l2) „ ^ Q-h2h2^h(ath2)_^ + Qfh2 -^2(Qh2h2) „ + Cltt T{ah2h2) ^ + Qtii£l(ah2h22„ + 

+ Qfi2 ^2(Qh2'i2) „ + Qtj J(Qfe2fe2) „) + /3tit(4afi2hiCith2 + ah2hi«tt<l?i — 4a?j2'i2Q^t'ii + a'i2'i2'^"*^'2), 

kJJi* = i?*([_H'i, T]) = -T(ahjr) + ahih2H2{atr) + ahihiHi(atr) + Prhi {ahihi Hi(athi) ^- 

— athi Hi(ahihi) ^ - ath2 H2{ahihi) ^ — att T{ah^h^) ^ - Qtii Ji(Qfeihi) ^ - ati2h{ahihi)_^- 

— atd D{ahihi) —atr R{ahihi ) — Qtj J(Qfeihi) ^) + /3r/i2 (Qfei'ii -H"i('ath2) „ ~ ct'd -C)(a!hjh2) —atr R{ahih2) — 

— <^hihi — CK/12'ii —<^hih2 ^CK/i2'i2 

— Qt;ii-ffi(Q!hih2)jj + cthih2H2{ath2) ^ — ath2H2{ahih2) ^ — attT{ahih2) ^ — (^(11/1(0^1^2)^" 

— Qti2 -^2(Qhife2) „ — Qtj '^(Qfeife2) „) + /3rt(4ahj;jiQ!th2 + a/,jhjatt<l>i — 4ahj;j2athi + «hih2Q!tt'3?2) , 

kJ?^' = i?*([772,r]) = -T(afc2r) + ah2h2H2{atr) + ah2hiHx{atr) + /^rhi ('afe2fci -tfi(Qtfci) „~ 

— athi Hi{ah2hi) ^ — ath2 H2{ah2hi) ^ — att T{ah2hi) ^ — ati^hXah^h^^ — ati2 l2{ah2hi) ^ — 

— atd D{ah2hi) —atr R{ah2hi ) —atj J{ah2hi) J + I3rh2 {ah2hiHjJjith^^ — atd D[ah2h2) —atr R{ah2h2) ■ 

— <^h2hi (^fiihi —OLh2h2 

— athiHi{ah2h2)^ + ah2h2H'2{ath2) ^ — ath2H2{ah2h2) ^ — attT{ah2h2) ^ — Qtii/i(ah2h2)^~ 

— Qti2 j2(Qh2fc2) „ ~ la^tj j(Qfe2fc2) „) + Prt{'^ah2hiath2 + "/12 hi ^^tt 'E'l " 4a!h2'>2Qthi + «h2 '>2 Q^"'^'2 ) , 

According to the expressions of the functions a.., obtained in homogeneity two 
and according to the properties of the horizontal vector field Y = Hi, H2,T v/e 
have: 

Y{atd) = -^{bc + ad) ¥{$2) " ^("c - bd) y($i), 

Y{atr) = ^2 [YiHii^i)) + Y{H2i$2))y + ^ + Y{H2{^2))]d^ + iF($2)ac- 

- iy($i)6c - ^Y{$2)bd - ^Y{$i)ad, 
^Kiii) = i(M + ac)F($i) + i(ad-6c)y($2), 

^Kiis) = H + >'(//2($2))]c" + 3^ [Y{Hi{$i)) + F(//2(3'2))]d' + ir($2)ac+ 

+ iy($2)M + iy($i)&c - iy($i)ad, 
yK2n) = -M^iHii'fi)) + Y{H2i<f2)))c^ - + y(//2($2)))d' + |y(<&2)M+ 

+ iy($i)6c+ iF(-l'2)ac- iF($i)ad, 
■5^(«'>2i2) = -iy($i)ac- iF($2)ad+ ly($2)6c- 

Furthermore, we can simplify the following functions which appear just above by 
using the 110 equations introduced before Lemma [9!T] 

-H"2(ahiii) = ah2'ii-'^i("hiii) + ah2h2H2{ahiii) + ah2d D{ahiii) +ah2r R{ahiii) + 

-2Q/iiii -Q,feji2~"'>2n 

+ afi2ii Il{olhli^) +«h2i2 -''2(ahiii) +ah2j J{ahiii) 
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H2{cehii2) = ceh2hiHi{ahii2) + ah2'i2-^^2(ahii2 ) + C(h2d ]D{ahii2) +ah2r R{ahii2) + 
+ ah2ii hiahii2) +cth2i2 h{ahii2) +(^h2i Jj^^tni^^, 
T{ahid) — attT{ahid) + athiHi{ahid) + ath2-f^2(«hid) + atd D^ah^d) +atr R{o!hid) +ati2 hicth^d) + 

T{ah2d) = attT(ah2d} + athiHi{ah2d) + ath2H2{ah2d) + atd D{ah2d) +atr R{ah2d) +atii Ii{ah2d) + 

-°'h2d "hid 2 

+ ati2 h{ah2d) ^ + Qfj J(Qfc2d) ^, 
T{ahir) = auT{ahir) + OlthiHl{ahir) + a«i2-ff2(ahir) + Oltd D{ah^r) +0!tr -R(Qhir) +"tH -^l(a/iir) + 

+ Qt»2 -^2(Qhir) ^ + Qtj j(Qfeir) ^, 
T{ah2r) = attT(ah2f-) + "t/ii^^l(a/i2r) + ath2H2{o:h2r) + atd D{ah2r) +atr R{ah2r) +"ti2 -^2(ah2r) + 

-°'h2T "-h-ir -6 

+ QiH /l(Qfe2'-) „ + Qtj J(Q/i2r) ^- 

Before replacing the above expressions in the curvature coefficients in order to 
simplify, we should be aware of the following fact, which helps us to substitute the 
vector field T in terms of the two basic sections Hi and H2 of T'^M : 

r($0 = 4[Hi,H2]{<S>,) = 4[Hi{H2{{$i))) - H2{Hiii<l>,)))], i = 1,2. 

This is natural and this helps us to get more simplified expressions. Thus, replacing 
the above expressions in the curvature coefficients of homogeneity 3 and carefully 
simplifying, we get: 

4''" = -4at,i + j^[Hi{$i)$i - Hi{H2{$2)) + H2{^2)^i - Hi{Hi{$i))y+ 

+ J2 [■ff2($2)$2 + //i($i)$2 - H2{H2{^2)) - -^2 (i^i ($1 ))] + 12a^6 - 2$2ce + 126^- 

- 3$ia^c - 3$i6^c + 2$ide - i^2ad - 3^2b^d - 8ae + ^ [H2(-l'2)-l'2 + 

+ i/l($l)$2 -i/2(iy2($2)) -^/2(^i"l($l))]c'rf+ 

- i/l(/f2($2)) + i/2($2)3>l - Hi{Hi{^i))]cd^ + I [//l^i + //2($2)]bc" + | + i/2 (-1'2)] , 

= -ahi, -4ai,, + ^[7^2(*2)*2 +//i($i)$2 - H2{H2{^2)) - H2iHi{^i))]c'- 

- I [H2{^2) + Hli^l)] ad^ + ;^ - //2($2)$1 - + //l(ff2($2))]rfV 

+ 2'l>ice - 86e - 3$2a^c - 3$2b^c + 2$2de + 'i^^ad + 3$i&^d - 120=^ - 12a&^- 

- I [H2{^2) + H^i^i)] ac' + i - //2($2)$i - Hi(cE.i)$i + Hi{H2)^2] cd+ 

+ 3^ [H2($2)*2 + //i($i)$2 - iy2(H2($2)) - iy2 (Hi (-l-l ))] cd^ 

= 2at,, - an.j - i [Hi(Hi(-l'2)) - i?2(Hi('l'i))]c=' + | [iy2(iyi($2)) - //i(Ji-2(<E>2))]d' + 

+ 2$ice - 86e + 2$2de + i [H2{H^{^2)) - H^{H2{^2))\c d ~ i [i7i(//i($2)) - iy2(i?i($i))] cd^ 

4=^* = -2c,u, - Qh2j + I [H2{H^{^2)) - Hi{H2i<S>2))]c' + | [Hi{Hi{^2)) - H2{Hi{^i))]d^+ 

+ 2$2ce-2$ide + 8ae+ |[ffi(ffi($2)) -//2(iyi('l>i))]c2d+ i[i/2(//i($2)) -^/l(H2($2))]cd^ 
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=6at,i +^[-i^i(<l'i)<l>i -H2($2)$i -4H2(Hl($2)) + 5^^l(i^2($2)) + T^Hl(//l($l))]c'- 
- I [//2($2) + - I [H2{$2) + bc' + ^l- i/2('l'2)'l'2 + 5^2 (Hi (-1-1 ) ) - 

- i?l(4'l)*2 - 4ffi(//i($2)) + //2(//2($2))]c'd+ 3^ [ - //2(*2)4'2 + 57^2 (Hi ($i ) ) - 

- //i($i)$2 - 4Hi(//i($2)) + H2(//2($2))] - 12a^6 - 126^ + S-l-ia^c + 3$icfe^ + 3-I'20^d + 3$26^d+ 

+ ;i [ - Hl($l)$l - H2($2)$l - 4H2(Hl(-I'2)) + 5Hl(H2('l'2)) + Hi(Hi($i))]d"c 

= 6Qt,2 - ^ [H2{^2)^2 - 5H2(Hi($i)) + Hl(<l'l)<l>2 + 4Hi(Hi($2)) - H2(H2($2))]c' + 

+ H [ - 5Hi{H2{^2)) + 4H2(Hl(<l>2)) + H2('l'2)$l - Hl(Hl($l)) + //i($i)$i]d^ + 3ca^<E'2 + 

+ 3c&^$2 - 3a^d$i - 3&^d$i + 12a^ + 12a&^ + f [H2<1'2 + Hi{i!>i)big]c''a + ^ [ - 5Hi(H2($2)) + 

+ 4H2(Hl($2)) + //2($2)$1 - Hl(Hl($l)) + Hl($l)$l]c^d+ 3^ [ - H2($2)$2 + 5H2(Hl($l))- 
-//l($l)$2 -4ii-l(ii-l($2))+H2(ii'2($2))]cd' + I [H2 ($2)+ Hl($l )]ad^ 

We therefore see here exactly four undetermined functions atr^, au^, ahij, a/i2j 
within these six expressions. Although the number (six) of equations is greater than 
the number (four) of unknowns, we can annihilate all the six cui^vature coefficients 
by making the following appropriate determinations: 

= ife [ - ^2(^2(^2)) + Hi(cE>i)cE'2 - 5H2(//i($i)) + //2($2)$2 + 4Hi(Hl($2))]d' + 
+ ik [4H2(Hl($2)) + H2(4'2)'1>1 - Hl(Hi($i)) - 5Hl(H2($2)) + Hl($l)$l]c' + 
+ ih [4H2(Hl($2)) + H2{^2)^1 - Hl(Hl($l)) - 5//l(H2($2)) + //l($l)$l]cd2 + 
+ 1^ [H2($2) + Hi($i)]fec' + [ - H2(H2($2)) + Hl(-l'l)$2 - 5H2(Hi($i)) + 
+ H2($2)$2 + 4Hi(Hi($2))] C^d + i [H2($2) + Hi$l] b(f + 

+ i [ - $ia^c + 4b^' - $ib^c + 46a^ - <I'2&^d - $2a^d] , 

"«2 = ife [ - ^2(^2($2)) + Hi($i)$2 - 5H2(Hl($l)) + H2(<E>2)<E'2 + 4Hi (Hi ($2 ))] c'' - 

- ^ [Hi($i) + H2($2)]ac" - i [Hi($i) + H2($2)]ad2 + ife [ - H2{H2{$2)) + Hi($i)$2- 

- 5H2(Hi($i)) + H2($2)$2 + 4Hi (Hi ($2 ))]cd" + ife [ - 4H2(Hi($2)) - Hi($i)$i- 

- H2($2)$i + 5Hi(H2($2)) + Hi(Hi($i))]c'd + [ - 4H2(Hi($2)) - Hi($i)<l>i - H2($2)$i + 
+ 5Hi(H2($2)) + Hi(Hi($i))] d^* - i [$2a^c + $26^c - $i6^d - $ia^d - 4a6^ + 4a^] , 

"'^IJ- = jfe [ " H2{H2{^2) + H2($2)$2 + Hi($i)$2 + 7H2 (Hi ($1 )) - 8Hi(Hi($2))]c'- 

+ [ - Hi('l>i)cE.i + 8H2(Hi($2)) - 7Hi(H2(-I'2)) - H2($2)$i + Hi(Hi($i))] c'd+ 
+ [ - H2(H2($2)) + H2(<E.2)<E'2 + Hi($i)$2 + ^H2(Hi($i)) - 8Hi(Hi($2))]cd' + 
+ i [ - Hi($i)'l>i + 8H2(Hi($2)) - 7Hi(H2(-I'2)) - H2($2)$i + Hi(Hi($i))] d^*- 

- I [H2($2) + Hi($i)]ac^ - I [iH2($2) + Hi($i)]ad' - ^2ac - $2fe'c + 2$ice- 

- 86e + 2<l>2de + ^^h^d + $ia^d - 4afe^ - 4a^, 

"h2i ^M- Hi{^i)^i + 8H2(Hi($2)) - 7Hi(H2($2)) - H2($2)$i + Hi(Hi($i))]c' + 

- I [H2($2) + Hi($i)]bd' + sfe [ - H2($2)*2 - Hi(-l'i)-I'2 + H2(H2(-1'2)) + 8Hi(Hi(<E>2))- 

- 7H2(Hi($i))]d' - i [H2($2) + Hi($i)]6c" + ^ [ - Hi(<l'i)<l'i + 8H2(Hi($2))- 

- 7Hl(H2(4'2)) - H2(<E'2)<E'l + Hi(Hi($i))] Cd" + ^^2($2)$2 - Hi(-I'i)-1'2 + H2(H2(-I'2)) + 

+ 8Hi(Hi($2)) - 7H2(Hi($i))] cd + ^lac - 2$ide + $26^d + $2a^d + 8ae46^ + $ib^c- 
-4a^& + 2$2ce, 
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Lastly, reminding Lemma 19.11 we must have (after possible simplifications) by 
identification: 

au^ = ~2{\a^d + \ahc) $2 - 2{-\abd + ia^c) $1 + ( Jjd^ + ^c^d) 5-^- 

- + ifec^) {Hi{<S>i) + H2[^2)) + (|c^ + \ccF) 55 + {-^db" + \bca) $2 - (ifoda + ic6^) $1 + 

+ (ic^* + icd') 5i6 + (ic'd + id-') 5i7 + ^drf'^ + h^c) (Hii^i) + H2{^2)) + 2ah + 26^ 
= -2(\bda + \cb^) $2 - 2{-\db^ + ifcca) $1 + (^c^ + ^cd^) 5,, - ^(-iac^ - iad") (f/i($i) + 
+ //2($2)) + (-|c^d - id^) 55 + (-ia^c + i6da) $2 + (^a'd + ^bca) $1 - (ic^d + id^) 5ie + 
+ (ic^^ + |cd') <5i7 + - k^^a) {Hii^i) + H2{^2)) - 2a' - 2ab\ 

an.j = 2(de) $2 + 2(ce) $1 - (ic' + icd") ^3 - i(iac' + ^d'a) (i/i($i) + H2{^2)) + 
+ (id^ + \cd) 5,5 - (a^c + d?) $2 + (a^d + db^) $1 - 8fee - Aa - 4a6^ 
2(ce) $2 - 2(ed) $1 + (id' + ic'd) ^3 - ^(|te' + \d^b) {Hi{^i) + H2{^2)) + 
+ (ic' + icd^) ^5 + (db^ + da^) $2 + (m^ + c6^) $1 - 4a^6 + 8ae - 46^ 



These equations will be satisfied if and only if the functions 5, are determined as 
follows: 

53 = ^Hi{Hi{$2)) ~ l^$2H2($2) - ^H2{Hi{^l)) + ^H2{H2{^2)) " j^$2/fl($l), 
55 = -^<f>li/2($2) - ^i/l(i/2($2)) + ^sHl{Hl{^l)) - ^$lHl($l) + i//2(f/l($2)), 

516 = i$iHi($i) - iffi(i^i($l)) + i$ii/2($2) - ^//i(Ji'2($2)), 

517 = ^$2//l($l) - ^H2{H2{^2)) + ^$2i/2($2) " ^1^2 (-ffl ($1 )) . 

9.11. Homogeneity 4. In this homogeneity, we see exactly five curvature coeffi- 
cients: 

^hi^a ^ J*([7^j, 7^2] _ 4T) - H2{ah^j) + ah^h2H2{ah2j) + cehihiHi{ah2j) + Pjhi {cehihi Hi{ah2hi) ^- 

— ah2hiHi{o!hihi) — ah^h2H2{a.hihi) — cth^iih[othihi) — o!h2i-,h{o:hihi) — ah2jJiohihi) + 

o " o " o " □ o 

+ Qfeife2 -^2("fc2hi) „ — 0:h2d D{ahihi ) ~ah2r R{othihi) ) + Pjh2 ( " a-h2d D{ah-^h2) —ah2r R{ahih2) + 

— '^hlhi — ^/i2/ii ~<^hi/i2 —^h2fi2 

+ OlhihiHl{a.h2h2) ^ — 0!h2hiHl{ah-^h2) ^ — Qhih2-^2(ah2h2)jj ~ "h.2 ^2 (cVh j ) „ ~ 

- ah2ii li{ahih2) - 0/12^2 -^2(^^1^2) - Qfa2j -^(Qfeih2) ) + Piti^ah ihi OLh2h2 

f^n* = Ii{[Hi,T]) - T(Q,ijiJ + ahih2H2{cttii) + ahihiHi{auj^) + {5^^^ ("hihi -HjjXofhJ^- 

— athi Hi{oLh^hi) ^ - ath2 H-2{ahihi) ^ — citt T{a.hihi) ^ - aui liiah^hi) ^ - Qti2 -^2(Qfeihi) ^ — 

— atd D{ahihi) —OLtr R{o!hihi ) cttj Jjahihi) J + Piih2{—<^td D{ahih2) —atr R{ahih2) + 

— o^hihi —f^h2hi —^hih2 ~"'i2'^2 

+ Qhifei -H"i(Qt/i2) „ ~ athi Hi{ahih2) ^ + Qhife2 -ff2(Qtfa2) „ ~ Qth2 -^2(Qfeife2) „ — "tt iXf^hiha) „ ~ 
^ Qtii /i(Qhift2) „ ~ Qti2 ^2(Qhift2) „ ~ Qtj j(Qfeih2) „) + Ait(4a!hjhjQt;i2 + ahihiatt^i — 

— 4a;ijh2C'ihl + Q!ftih2""^2), 
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— athi Hi{ahihi) ^ — Qtfe2 -^2(Qftifti) ^ — au Tjahihi) ^ — cttii lijahihi) ^ — Qfi2 -^2(Q^ifti) „~ 

— atd D{ahihi) —OLtr R{ahihi ) atj Jjcyhihi ) J + /3i2h2 (— "td D(ahih2) —atr Riah^h^) + 

+ ahihi Hi^oith^) ^ — 0'thi Hi{ahih2) ^ + Qhife2 -^2(Qtfe2 ) „ ~ Qth2 -H^2(o'''i^2) „ ~ cett T{ahih2) ^ 

— atii liiahihi) ^ - Qti2 -^2(Qfaift2) „ ~ Qtj J(Qfeifa2) „) + ^2* (^o^hihi Qth2 + "hifeiatt'l'i- 
-4ahjh2'^*hi + Qftih2""*'^2), 

'^I'f' = /r([-H'2,Tl) - T{ah2ii) + ah2h2-ff2(atn) + a/,.2hi -'^i(c^tn ) + Aihi (Qfc2hi -^i(Qthi) „- 

— Qfhi -H"l(Qfe2fei) „ — Qtfe2 -^2(Qfe2fei) „ ~ att T{ah2hi) ^ — Qtii /l(Qfe2fti) „ ~ Qti2 -^2(Qfe2fai) „~ 

— Qtd D{ah2hi ) — Qtr R{ah2hl ) — atj J(Qfe2hl) „ + Qfe2hl -^2(Qthi) ^) + Ai fe2 ("ft2fcl -^1 (Qtfe2 ) „ 

— Qt;ii -H"l(Qfe2fc2) „ + Qfe2fc2 -^2(Qi>12) „ ~ Qth2 -^2(Qfa2fa2) „ ~ Qtt r(Qh2 ^2 ) „ ~ 

— atd D{ah2h2) -atr R{ah2h2) -Qtii Jl(Qfa2fa2) „ ~ Qti2 J2(Qfa2fa2) „ ~ Qfj J(Qfe2 ^2 ) „ ) + 

-0'h2''2 "'11^2 

+ Piit{4:Oih2hiath2 + ah2hiatt^i — 4ah2h2'^t'H + ah2h2'^"''^2), 



«:^2^' = ^2 ( [-^^2 , r] ) = —T(ah2i2) + Qfe2fc2-^2(Qti2) + Qfe2fel-^l(QtZ2) + ^2^1 (Q?12fal -H"l(Qtfai) ^ — 

— Qtfai -H"l(ai>t2'tl) „ — Qtfe2 -^2(Qfe2fel ) „ — att T{ah2hi) ^ — QtH /l(Qfe2ftl) „ — Qti2 -^2(Qfe2ftl) „~ 

— Qtd -D(ah2hl) -'^f -R(0h2'!l) -Qfj j(Qfe2fal) „ + Qfe2hl -^2(Qtfei) ^) + ft 2 ^2 ("ft2 ^1 -^1 ('^tfe2 ) „ 

— athiH\{ah2h2) + cth2h2H2(ctth2) — Qth2-H'2(Q!h,h2) — Qttr(ah2h2) — 

□ □ □ □ 

— atd -D(a;.2h2) -Q^f -R("h2'>2) -Qtn Jl(Qfa2fa2) „ ~ QtZ2 ^2(Qfa2fa2) „ ~ Qfj j(Qfe2fe2) „) + 

-a=h2''2 "'il'i2 

+ Pi2t{4:Oih2hiath2 + ah2hiatt^i - 4ah2h2'^t'H + ah2h2'^"''^2), 

As for the preceding homogeneities, it is possible to simplify further these curva- 
ture coefficients by applying the horizontal vector fields 1" = Hi, H2,T on the 
expressions of a/iij, a/^jj, atjj, a^jj akeady determined. For this, we employ the 
following equality from elementary differential geometry: 

Moreover, we can compute the values of the vector fields Hi, H2, T on the func- 
tions a,, that are visible in the above curvature coefficients. After that, we will 
be ready to simplify the expressions of the curvature coefficients of homogeneity 
four. The obtained expressions are a bit too long for them to appear here, see in- 
stead m. On the other hand, inspection of the set of functions a., shows that the 
only undetermined one is atj. This function appears in the expressions of /3jt (see 
subsection 19.31) . visible in k^^^'^ and then we may annihilate at least this curvature 
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coefficient by choosing: 



atj = Sa" + 3b'^ - 4e^ - $ia^6c + ca$26^ - $ia6^d - $2a^M - 2$26ce - 2cE>iace - 2$2ade + 2$i6de- 

- <E>ia^d + $20=^0 - $i6^c - $2&^d + 6a^6' + [^Hi{ii>i) + ^ff2($2)]6^rfV 

- J^H2{H2{^2))^2 + ^i/2(i/l(iJl($2))) + ^if2(i/l($l))$2 - ^$1 ^2 (//l ($2 ) ) + 3i3$l'i/2($2)- 

- ^H2{H2{H^{<f^))) + Jj/fi(H2($2))$i - ^H^{H^{H2{^2))) - ^^2Hr{Hr{^2))]d*+ 

+ [ - iLj/2(<i>2)i/l($l) - ^H2{H2{H^{^^))) + ^H2iH2{H2{^2))) + jI^H,{H,{H,{'S>^))) + 

+ j^Hi{H2{H^{^2))) - ^H2{H2{<i>2))^2 + ^Hi(//2($2))$1 + ^<l>lH^i<i>i) - ^J/i (Hi (i/2 ($2))) + 

+ ^$^i/2($2) - ^H^i^l) - ^$2i?l(//l($2)) - J^H2{$1) + ^i?2(//l($l))$2 - <^ //l (//l ($1 ))$1 + 
+ ^^lH2{$2) + - ^^lH2{Hi{^2)) + ^i/2(Hi(ffi(<J>2)))]c2rf" + [ - g^i/i (//i ($1 )) + 

+ ^//2(4'2)4'1 - ^H^{H2{^2)) + ^Hi{$i)$i]bcd^ + [±H2iHj{$i)) + ±H2iH2{^2))- 

- ^H2($2)4'2 - ii/l($l)$2]acd' + [ - 3^//l(J/l($l)) + 3^//2('l>2)<E>l - ;ii/l(i/2(-I'2)) + 

+ ^Hi($i)$i]ad^ + [J5i/2(i/l($l)) + ^//2(ii-2(<&2)) - ^i/2($2)1>2 - 3^i?l($l)$2] aC« + 
+ ^ + //2(*2)]a'd' + ^ [H2{$2)^2 - //2(/i'l($l)) - H2{H2{^2)) + i^l ($1 )$2] M' + 

+ [ - + ^i/2($2)$i - ^miH2i$2)) + i//i($i)$i]&c^+ 

+ +/f2($2)]a^c'' + ^[//iC^-l) +i/2($2)]&^c2 + ^[H2{^2)^2 - H2{Hl{^l))^ 

- H2{H2{^2)) + i?i($i)$2]d&c2 + M- Hi{Hi{^i)) + H2($2)$i - Hi{H2{^2)) + Hi{$i)$i]ac^d+ 

+ [ - Ti6^^2($2)i/l(*l) - ^//l(iyi($l))<E.l - S2H2{^') + ^^lH2{$2) - ^m{$l) + 

+ 3|^$?i/i($i) + ^iJ,(//2(Hi($2))) + ^H2{H2{H2{^2))) + ^fji?! (iJl ($1 ))) + 3i^$^ffi($i)- 

- ^//2(i?2($2))$2 + ^i?2(//l(iri('J>2))) + l^ji/2(Hi($i))$2 - $l//2 (Hi ($2 ) ) + gfj $?i/2($2)- 

- i^H2{H2{H,{^^))) + JjHi(H2($2))$l - ^H^{H^{H2{<f2))) - ^<^>2/^l(f^l(<E.2))]c^ 

However, this choice does not annihilate the remaining four curvature coefficients. 
By a careful examination (either by hand or with the help of a computer), we realize 
that the remaining four curvature coefficients have the following expressions: 

K';f = Aid* + (A2 - Ai)c* + A2c'd^ + Asd'd+Ascd;', 

k'^^' = A4d* + (A3 + A4)c"' + (A3 + 2A4)c^d^ + (2Ai - A2)c'd + (2Ai - A2)cd^ 

= - 

where: 

Ai - [ - 20$2i?i(i?i($2)) - {Hi{^i)f - 2$iJfi($i) + 8Hr{H2{Hi{^2))) + 2^iHi{^i)- 

- 7Hi{Hi{H2{^2))) - 4$iH2{Hi{^2)) + Hi{Hi{Hi{^i))) + $iffi(ff2($2))+ 

+ 23$2//2(Hl($l)) + {H2{^2)f - 3cE'lHl(Hl($l)) + 3$2H2(H2($2)) " 2^1H2{^2)- 

- 17J/2(H2(Hl($i))) + 2$lH2i$2) + 16//2(Hl(Hl($2))) - /f2(H2(H2($2)))] , 

A2 - ^ [24Hi{H2{Hi{^2))) - 24^iH2{Hi{$2)) + 24$iHi(H2($2)) + 24^2(^/1 (Hi(-1'2)))- 

- 24Hi{Hr{H2{^2))) - 24$2l/i(i?i($2)) + 24$2i/2(i/i($i)) - 24i/2(H2(//i($i)))l , 
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^3 - slit - 2i?2(Hi(i?i($i))) + 8Hi{Hi{Hi{^2))) - 2$i$2Hl(-I'l) - 8-l>l$2H2($ 



2 



- 2Hl(//2(//2($2))) - 10//2(i/l(i/2($2))) - 16$li/l(i/l(-I'2)) + 8//l ($2)^/2 ($2) + 
+ 6$i//2(H2($2)) + 8H2{H2{Hi{'i>2))) + 22$2i/l(i/2($2)) - 16$2i?2 ($2)) + 

+ 22'l>jH2{Hj{^i)) - 10//i(ff2(i^i(*i))) + 4Hi{^i)Hj{^2) + 6^2H^{Hi{$i))] , 
A4 - [4cE.i//i(/i-i($2)) - 2f/i(cE.2)J/2(4'2) - 2Hi{^i)Hj{^2) + nH2{Hi{H2{^2)))- 

- 3ffl(ff2(H2($2))) - 3'l'2i?l(Hl($l)) - 15$2-H"l(-ff2(4'2)) + 4$l $2ii"l ($1 ) ' 

- 8H2iH2iHi{$2))) - 3ffi(772(i^l($l))) + 12cE.2H2(ifl($2)) - 3$lJf2(J?2(-I>2))- 

- 7^iH2{Hi{<l>i)) + 4<l'i$2H2('l>2) + 5H2{Hi{Hi(^i)))]. 
Lemma 9.2, in fact has, identically as functions of{x, y, u): 

and 



= A, 



= A3 + 2 A4 



Proof. These two nontrivial relations were already prepared in advance, cf. the 
Corollary O □ 



Furthermore, by taking account of the relations listed in Proposition 17. 1 1 and of 
Hi{^2) = H2{^i), one sees that the expressions of the two remaining functions 
Ai and A4 of {x,y,u) can be given better, completely symmetric forms, as is 
stated by the following summarizing proposition. 

Proposition 9.3. The four remaining curvature coefficients of homogeneity h = 4 
express explicitly as follows: 

^hit ^ _ Ai - 2 A4 c^d - 2 A4 cd^ + Ai d*, 
^hit = _ A4 c"* + 2 Ai c^d + 2 Ai cd^ + A4 d^, 

^2 i hit 

hit 

where the two functions Ai and A4 of the three horizontal variables {x, y, u) have 
the following explicit expressions: 



Ai = ^Hi{Hi{Hi{$i))) - H2{H2{H2{^2))) + 11 i/i(i?2(i?i(4'2))) - 11 H2{Hi(H2(^i)))- 
+ 6'1>2 iy2(Hi($i)) - 6$i Hi{H2{'i>2)) - 3 $2 Hi{Hi{$2)) + 3'l'i H2{H2{<^i))~ 

- S-l"! Hi(Hi('i>i)) + 3$2 H2{H2{^2)) - 2 $1 iyi($l) + 2$2 H2{^2)~ 

- 2 ($2)' i^i($i) + 2 ($1)' H2{^2) - 2 ($2)' H2{^2) + 2 ($1)' f/i(<l>i) 

A4 = [ - ■iH2{Hi{H2{^2))) - 3 i^l(i^2(i^l('l'l))) + 5 h^{H2{H2{<s>2))) + 5 1/2(^/1 

+ 4$i iyi(iyi($2)) +4$2 iy2(iyi($2)) - 3-I'2 -ffl(-ffl('l>l)) - 3<l>i f/2(-f/2($2))- 

- 7<l>2i?l(-ff2($2)) - 7$! H2{Hi{<i>i)) - 2 Hi{<^i) H^{^2) - 2 H2(^2) H2{^l) + 

+ 4$i$2 Hi{^i) +4'l'i$2-ff2("l>2) 



Proof. As said, one uses the relations listed in Proposition 17. 1 l until formal expres- 
sions show up symmetries. □ 

In the next subsection, we will establish that the obtained Cartan connection is 
actually normal. Up to know, all the functions a,, are determined, but still there 
is last function of type 5., namely which is yet undetermined. To determine 
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it it suffices to equate the above expression of atj to the corresponding one in 
Lemma l9yn after making the possible simplification: 

" atj = (c* + 2c^d^ + d*)(5i8 + 6a^b^ - 2$2&ce - 2$iace - $ia^6c + $2a&^c - $2a^M - 2$2ade- 

- $ia&^d + 2<l'iMe + 3a'' + - 4e^ - ^ib^'c + 'l'2a^c - ^la^d - $2b^d + ^ + //2($2)] a^c^ + 

+ ^ [ - //l($l)$2 + //2(//l(*l)) + iJ2(iJ2(<E'2)) - J?2($2)*2]aC=' + ^ + //2($2)] fe'c" + 

+ ^ - + //2($2)$1 - //l(Ji'2($2))]&C=' + + H2{^2)]b^d^ + 

+ ^ + //2($2)]a'd' + ^ [i^l('l>l)<E'2 - H2{H2{^2)) + H2{^2)^2 - H2{Hi{^i))]bd^ + 

+ 12 - Hi{Hi{<i>i)) + H2($2)*l - Hi (7^2 ($2))] ad' + ^2 [Hli^l)^2 - iy2(H2($2)) + 

+ iy2($2)$2 - iy2(iyi($l))]6c2d + ^ - + //2($2)$1 - 

+ ^ [ - //l($l)$2 + H2{Hl{$l)) + H2{H2{^2)) - H2{^2)^2]acd^ + i 

- + ff2(-i'2)-i'i - i^l(i^2($2))]fecd^ 

By identification, this equation holds when one makes the following assignment: 

Sis = ^<f>2H2(f/l($l)) - ^if2($2)i/l($l) - ^$li/l(i/l(<l>l)) - 3ii2^^l(<f?) + 38^l(^2(i/l($2)))- 
- ^Hi{HiiH2i'i>2))) + 3i3$i//2($2) - _ ^$2J?2(J?2($2)) + ^ ^li^l (7^2 ($2)) + 

+ ^<E.?iJi($i) - 3ii2^^2($i) + ^$lm{^l) - ^$ii/2(//l('f2)) + ^i/2(//l(//l('f2))) + 
+ 3|j$?J/2(4>2) + 3i4^f2(H2(H2(<J>2))) + 3^3/^1 (//l (Hi ($1 ))) - ^^2 (H2 (Hi ($1 ) ) ) . 



9.12. Homogeneity 5. In this homogeneity, it is possible to express curvature co- 
efficients in terms of the curvature coefficients of lower homogeneities. More pre- 
cisely, consider the restricted /i-homogeneous differential operators: 

d[h]- '^[i](5-,0) ^^[i](0-,0)• 
We will use the graded Bianchi-Tanaka identities of Proposition 18.121 to identify 
Ok^^^ in terms of the lower components of k. 

In homogeneity 5, we encounter two curvature coefficients Kj^^ and k^^* and 
according to the notations introduced in Section |5] we have: 

(36) K[5] = kJ^* h^ a t* ® j + kJ^* a t* j. 
Applying the differential gives: 

9K[5](hl,h2,t) = [hi,K[5](h2,t)] - [h2,«:[5](hi,t)] + [t, K;5](hl, h2) J- 

ho t . hit. 

- J J 

(37) -[«[5]([hi,h2],t)] + [fC[5]([hl^ ,h2)]-[/C[5]([h2,t] ,hi)] 



= K^'^* il - K^'l* i2 + + + + 0. 
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On the other hand, the graded Bianchi-Tanaka identities of Proposition 18.121 
assert that: 

4 

9«:[5](hi,h2,t) = ~ ^ K[5_j](^projj,_ (fi:[j](hi,h2)),t^ - (f^p] J(hi, h2) - 



--Pi 



J2 '^[5-j](projg_('^b](t-hl)),h2)j - (52K[4])(t, hi) 



-P2 



'^[5-j](p''0jEI-('^[il(h2,t)),hl)j - (l/lK[4])(h2,t) . 

J = l 



-P3 



J = l 



Let us compute for example the last term P3, taking account of the vanishing of the 
curvature components k^j and ^[3]. At first we compute its Sj=i part: 

'^[4l(p''ojg_(K[i](h2,t)) , hij = 0, 
'^[3l(projg_(K[2](h2,t))^, hi) =0, 
K[2i(projj_(K[3](h2,t))^, hi) =0, 

^^(pi'0jg_ (K[4l(h2,t)),hi) =0. 



J=2 



J^3 



j=4 



So the part of P3 is zero. For the remaining part, reminding that: 

(38) 



K[4] = K A t* ii + <f ' A t* ii + k1^'' h^ a t* O i2 + <f h^ A t* i2, 
it is clear that: 

whence: 

(#iK[4])(h2,t) = il + H^iK^f) i2, 

which is the expression of P3. Similar computations provide: 

Pi =0, P2 = -H2 «^*) il - #2 «*) i2, 

and consequently: 
(39) 

9K[5](hi,h2,t) = -(Pi + P2 + P3) 

Now comparison of (l37T i and (|39] l implies that: 

4^* = ^i«^*)-^2(4^*), 
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9. 13. Conclusion. A review of the results obtained so far shows that the only non- 
zero curvature coefficients are: 



Horn 4 



Horn 5 



^.hit hit h2t ^h2t. 



hit h2t 



All these curvature coefficients can be expressed as the combinations of k^^^* and 

K,^^* and the values of the constant vector fields on them. These two curvature 
coefficients are called essential curvatures. A Cartan geometry is homogeneous if 
and only if all of its essential curvatures vanish ( ll37l[T4l ). Hence a consequence of 
our results is the following 

Theorem 9.1. The Cartan geometry associated to any strongly pseudoconvex de- 
formation C the Heisenberg sphere 'M? C having curvature function 
equal to: 

(40) = K^"/* A t* ii + a t* i2 + K^f A t* O ii+ 

^h2t u* A 4-* ^ ; I i^'^i* k* A +* ^ ; I .^'^at 



+ <f A t* ia + k'^'' hi a t* j + ^ h*2 A t* j, 



with: 



h2t _ hit 
il 12 ' 

h2t _ _ hit 

is locally homogeneous if and only if its two essential curvatures: 
^hit ^ _ Ai c"* - 2 A4 c^d - 2 A4 cd^ + Ai d", 
^hit ^ _ A^ + 2 Ai c^d + 2 Ai cd^ + A4 d* 

vanish identically; equivalently, the following two explicit functions Ai and A4 
of only the three horizontal variables (x, y, u): 

^1 = W [^l(^l(^l(*l)))-^^2(i?2(i^2($2))) + ll//l(i?2(i?l(4'2))) - 11 H2{Hi{H2{^l))) + 

+ 6$2H2(i/i($i)) -6$i7/i(Ji'2($2)) -s-i-a //i(Ji-i($2)) + 3$l^^2(^^2('^>l))- 
- 3$i Hi{Hi{^i)) + 3$2i^2(^^2(<E>2)) - 2$i + 2$2 H2{$2)- 

- 2 ($2)' Hii^i) + 2 ($i)2 H2{^2) - 2 ($2)' f/2(*2) + 2 (-l-i)" 

^4 = 3M [ - 3 ^2 (^1 (^2 (*2 ) ) ) - 3 (^^2 (^^1 (*1 ) ) ) + 5 (i?2 (H2 ($2 ) ) ) + 5 //2 (//l (//l ($1 ) ) ) + 

+ 4$l Hi(Hl($2)) +4$2 i^2(i^l($2)) - 3-I'2 -ffl(-ffl(<E'l)) - 3$1 -ff2(H2($2))- 

- 7$2Hi(Ji'2($2)) -7$lff2(/^l(<E>l)) -2i/i($i)J7i(<E>2) -2H2(4'2)//2($l) + 

+ 4$i$2 +4$l$2-ff2($2)] 

vanish identically. □ 
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Up to now, we have achieved all the necessary computations. We saw that the 
regularity condition (c4) is satisfied automatically and condition (cl) holds by ap- 
plying Lemma 19.11 in the computations of various homogeneities. The only re- 
maining task is to verify that both the isomorphism condition (c2) and the normal- 
ity condition (c3) hold. We inspect these two final conditions via the following 
propositions, respectively: 



Proposition 9.4. For any element p ■ 
ujp-. TpS^ — > g is an isomorphism. 



(a, 6, c, d, e, x, y, u) of^, the Q-valued map 



Proof. According to the expressions of T, . . . , J as components of ^, the matrix 
corresponding to o;"^ is: 









at/i2 








au2 
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ah\i2 


ahij 













Oih2d 








Q.li2j 
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/ 



and it is has determinant: 



"it (0/11/110/12/12 ~ 0/12/110/11/12) = + 

which is nonzero by assumption. 



□ 



Proposition 9.5. The Cartan connection constructed in the preceding paragraphs 
in a completely effective way is normal. 

Proof. According to (l40l ). the t-, hi-, h2-, d- and r-components of the Cartan cur- 
vature K vanish together. Vanishing of its t, hi and h2-components means that this 
curvature is torsion free. Moreover, the d- and r-components of n constitute its 
go-component and consequently kjq] = by construction. Therefore the Cartan 
connection is normal according to Definition 1.6.7 page 128 of 0. □ 



10. General Formulas for the Second Cohomology of Graded Lie 

Algebras 

Throughout cohomology considerations, the ground field IK will be a commu- 
tative field of characteristic zero, while in most expected applications to exterior 
differential systems, IK will be either Q, R or C. 

10.1. Arbitrary abstract Lie algebra. Let g be a Lie algebra over K of dimen- 
sion r ^ 2 containing a Lie subalgebra g_ C g of dimension n with 1 ^ n ^ r — 1, 
so that [g_,g-]g C g_. Let xi, . . . ,x„ be an arbitrary but fixed basis of g_ which 
is completed by means of vectors x„+i , . . . , x^ to produce a basis of g. To any such 
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pair of bases are associated the so-called structure constants € IC encoding 

the Lie bracket: 



^ ' s=l 

(fcl, fc2 = 1 ■■■ n, n + l,...,r), 

and because [0_,g_]g C 0_, we must naturally have c^^ = for s = n + 
1, . . . , r whenever 1 ^ ki,k2 ^ n = dimg_. Furthermore, one may adopt the 
convention that c^^ ^2 ~ ^ whenever one does not have 1 ^ ki, k2 ^ r and 
1 ^ s ^ r. Of course, the skew-symmetry and the Jacobi identity: 

= [Xfci,Xfc2]g + [Xfci,Xfc2]g 

0= [[Xfci,Xfc2]g,Xfc3]g + [[Xfc3,XfcJg,Xfc2]g + [[Xfc2,XfeJg,XfcJg 

read at the level of structure constants as: 

= 4i,fc2 + 42,fci 

r 

= (4i,fc2 4,fc3 + 43,fcl 4,fc2 + 42,A:3 4,fel) 

S=l 

(fcl, fc2, fca, l = l---r). 

10.2. Exterior algebra. Given any integer £ ^ I, consider the i-th exterior power 
A^3_. Whenever £ ^ n, it is a nonzero vector space generated over K by the basis 
consisting of the (") = ^| (^i^^i linearly independent ^-fold exterior products: 

(xji Axj2 A • • • '^>^if)i<cj^<j2<-<jf<:n' 

while A^g„ = {0} for all £ ^ n + 1. Next, let g* = Lin(g,]K) denote the dual 
of the Lie algebra g, viewed as a plain vector space (it has no natural Lie bracket 
sti"uctui"e). If we introduce the basis: 

Xi, • • • , 

of g* which is dual to the previously fixed basis xi , . . . , x„ , x^+i , . . . , x^ of g, then 
by definition, for any i,j = 1, . . . , n, n + 1, . . . , r, we have: 

1 if i = 7, 

x:(x,) = 5j ■ 

For any £ ^ 1, let us define (cf. fTfl . Chap. 3) the space ^^(g_, g) of l-cochains 
as the space of linear maps from A'^g_ to g, that is to say: 

^^(g_,g)'=^'Lin(AV,0). 
Thanks to the canonical identifications: 



Lin(A^g„, g) ~ (A^g^) (8) g 
~ A^gl ® g, 
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valid for any £, an arbitrary £-cochain writes, in term of bases for q*_ and for g, 
under the general form: 

r 

^ = E E A^2,...M (4 A X*^ A • • • A X*J ® Xfc, 

l^ji<i2<---<«£=£" (=1 

where the 6^ , , are coefficients in the ground field K. 

On the other hand, without any reference to bases, we recall from basic algebra 
that a £-cochain $ G '^^(0_,0) may be seen either as being a g-valued linear 
map acting on exterior £- vectors zi A Z2 A • • • A with the Zj belonging to g_, or 
equivalently as being a multilinear map from the ^-fold product g_ x g_ x • • • x g_ 
to g which has the property that: 

$(Z,(1), Z,(2), . . . , Z,(,)) = $(zi, Z2, . . . , Z,) 

for every permutation a of {1,2, ...,£}. This last property is easily seen to be 
equivalent to the property that the value of ^ vanishes as soon as two at least of its 
ai^guments coincide. 

10.3. Differential complex and coliomology. From f-cochains to {£ + 1)- 
cochains, there is a canonical boundary operator. 

d': ^^(g_,g)^^^+i(g_,g). 

which, to any <I> G "^^(g., g) associates a (^+l)-cochain (9^<I> whose action on any 
collection of £ + 1 vectors zq, zi, . . . , Z£ of g_ is defined by the specific fonnula: 
(42) 

I 

(5^$) (zo, zi, . . . , z,) (-1)' '^(^0' ■ • ■ ■ • ■ ' 2^)] B + 

1=0 

where, as usual, z/ means removal of the term z^; first, second and third cohomol- 
ogy spaces {see below) associated to this specific differential d occur naturally as 
providing one-dimensional extensions of Lie algebras {H^), as parametrizing in- 
finitesimal deformations of Lie algebras {H^), as obstmction to their deformations 
{H^), or as the algebraic skeleton of curvatures of Caitan connections on principal 
bundles {H^ and Bianchi-type identities). Let us check that really belongs to 

The so-defined action of 9^<^ is clearly linear with respect to each argument Zj, 
for i = 0, 1, ... Furthermore, from the assumption that $ vanishes when two 
of its arguments coincide, one immediately infers that (5^<I>)(zo, zi, . . . ,z^) = 
vanishes as soon as Zj^ = Zjj for at least two distinct indices ii ^ 12, whence by a 
standard elementary reasoning, we have the skew-symmetry: 



(5^$)(z,(0),z,(i), . . . ,z,(,)) = (-l)«s-W {d'^){zo,z,, . . . ,z,). 
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for every permutation a of {0,1, ... Consequently, (d^^) effectively identifies 
to a certain linear map: 

from the (^+ l)-th exterior product of g_ into g, namely it truly is a (^+ l)-cochain. 
Precisely, for any element zq A zi A • • • A e A^+^g_ with Zj € 0_, one simply 
sets: 

(5^^>)(zoAzi A--- Az^) := (9^^>) (zq, zi, . . . , z^). 

On the other hand, it is usually left as an exercise to verify that from any level £ 
to the level i + 2, one has 9^+^(9^^>) = 0, so that the datum: 

(43) O^'^^ ^'^^ ^ ■■■-^ ^"-1 ^ 

forms what is called a complex, namely the composition d^^^ o = from any 
to "^^^^ always vanishes. Equivalently, one has: 

im{d'-' : '^'-^ ^ C ker(9^ '^^ ^ ^'+^), 

and the classical terminology is to call: 

ir^(0_,0) ■.= ker{d': ^'^^'^^) 

the space of cocycies of order ^, and also to call: 

=^^(0_,0) := im(5^-l : 'T^-l ^ 
the space of coboundaries of order which is thus always a vector subspace of 

Definition 10.1. The quotient space: 

is called the l-th cohomology space of 0_ in 0. 

For applications to either deformations of Lie algebras or to the explicit con- 
structions of Caitan connections, we will mainly be interested in computing the 
second cohomology: 

rr2( \ ^^(0-,0) 

''<»-'' = ^^- 
which is a plain finite-dimensional vector space over IK, the complexity of which 
will depend on the geometric situation under study. 

10.4. Basis for 2-cociiains. As we already saw above, a 2-cochain writes, in term 
of bases, under the general form (we shall from now on regularly omit the paren- 
theses in (x*^ A x*J (g) Xfc): 



l^ii<j2<" fc=l 
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where the 4>^^ € K are arbitrary coefficients, namely it is a linear combination of 
the r basic elements: 

X*^ A (8) X,fc (1 ^ii <j2 <n; fc = 1, ...,n, n+1, ...,r), 

which visibly form a basis of A^g^L (g)g. We remind that if is a finite-dimensional 
K- vector space and if w*, vr* are one-forms belonging to its dual E* = Lin(i?, K), 
then the two-form uj* A vr* acts on pairs (e, /) € E'^ by definition as: 

u:*^^T*{eJ) =^ u* (e) 7T*{f)- u:* (/) vr* (e) . 

In particular, for any ii, i2 with ii < 12 and for any ji, ^2 without restriction, we 
have: 

^ii i^ji ' ) ~ ^ii i^ji ) (^ia ) ~ ^ii {'^32 ) ^^2 (^ii ) 

('44") 

31 32 "32 "31 

However, we observe passim that the second product of Kronecker deltas neces- 
sarily vanishes whenever ji < j2^ a natural restriction we will sometimes make, 
though not always. 



10.5. Boundary of a basic 2-cochain. According to the definition (1421 ). for any 
triple of indices ji,i2, js with 1 ^ ii < 32 < is ^ n, we have: 

(c''$)(x,i Ax,, Ax,3) = (c>2$)(x,,,x,,,x,3) 

Let us hence apply this fomiula to any basic 2-cochain ^^j!'^^ = x*^ A x*^ (g) x^ 
and perform a few natural computational transformations, using the Lie algebra 
structure dH} and applying formulas (|44] i: 

9^(x*i A (g) Xfc)(xjj A A XJ3) = 

= [Xjl- (X*! AX*2 ® Xfe)(Xj2,Xj3)]^ - [Xj2, (X*^ Ax*, Xfc)(Xji,Xj3)]^ + [xjg , {x*^ A X*, (g)Xfe){xjj,Xjg]^- 

- Wi Ax*, (g)Xfc)([xjj, Xjjj, Xjj) + (X*^ Ax*, (g)Xfe)([Xji, Xj3]b, Xj,) - (X*^ Ax*, (g)Xfc)([Xj,, Xj.^]^, XjJ 

= [x., , X J - [x,, , 5^.2 X J + rx,3 , 5^.1 S'^ x J - 

I Jl' J2 J3 ''Jfl L J2' Ji 33 '-la ' L 33' ji j, KJ j, 

- A X*, Xfe r ^ X, , Xj3 + x*^ A X*, ® X J ^ X, , Xj, \ - x*^ A X*, Xfe r ^ 4, ,^3 X, , Xji 
= ^7-2^7i ['^ii-'^felo - ^ii'^ia [xi2.Xfc]e + <5ji5]^ [xj3.Xfe]o- 

^ 1=1 i=l (=1 ^ 

= E (4. - 42 ^ii ^il + 43 '1 

1=1 

\ J1,J2 J3 J1.J2 J3 J1.J3 J2 J1,J3 J2 J2 ,J3 Jl J2,J3 Jl-* 
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At this point, in order to reach a neat formula, let us replace in the last line by 
Yl\=i ^'i^ reorganize: 

r 

1=1 

+ si ( - r5'^ + r'^ . S^^ + ■ (5'= - r*^ - r'^ . S^'^ + ■ I x, 

^"k{ Sl,J2 "j3 Sl,J2 ''m ^ Sl,J3 Sl,J3"j2 S2 ,J3 ''jl S2 ,J3 "jl / ' ' 

Since we may a priori represent without arguments this 3-cochain d'^{x*_^ Ax*^ ^^-k) 
as: 

r 

d\A ^ 4 ^ Xfc) = E E .3 • x*^ A x*^ A x*3 x;, 

i^ii<i2<j3<f» '=1 
the preceding computations precisely give us that: 

coefficient!'-.;'^!.' ■ = Ca, i. 5\^5l^ — cL i. 51^51^ + A., i. S\^5l^ — 

«:;J1J2J3 31'" 02 03 02,'' ]i 33 03, 1' 31 32 

- '^,02 + Sl.2 SiS;i + CL33 - ^,03 - ,3 + Si 

As a result, we obtain explicitly that: 



9' (x*, A X*, ® Xfe) = J2 ""'oi ^ Xj2 /\ >'j3 ® Xi (cji .fe ^ol '^M ~ ^2 ,fc ^ol + ^3 ,fc '^^J ^: 

"fc LSl,J2 "j3 ^ Si J2 "33 ^ ^01,03 "02 ^01,33 " 02 '^32.33 "jl ^ ''J2 J3 "jl- 
(l^zi<Z2^"'; fc — l,...,7i,7i4-l,---r). 

10.6. Boundary of a general 2-cochain. Next, with: 

r 

^= E E'^n,i2<i^4®Xfc' 

l^ii<i2^n k=l 

we may now compute by linearity: 

S'*= E E '^t.2 9'('<n^x*2®xfe) 

= E E^.2 E E'<nAx],Ax*3®x,(4,,5-5--.' _.n,.2^.< 



31,32 33 31,32 03 01-03 02 01,03 02 02,03 01 02,03 01-1 J 



E E 4 A X*, A X*3 ® X, ( ^ 4,^3 - 4,_, <^J^_,3 + c; 

l^Jl<j2<J3^" ' = 1 fc = l 



+ E 'Al-.2{~'^,02'Z+'^,02''iD+ E ^n.2(sl,« ^^2 -^^1.3^^2) + 

+ E €,^2i-^,03''n+^,03'ol)- 

l^i 1 <i2 

At this point, we must finish the computation of the three sums appearing in the 
last two lines. In fact, any general triangle-like sum of the form: 
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where the ^. ., u' are indexed numbers, has the property that its general term within 
parentheses is zero unless 12 = ja or ii = j^, whence it decomposes symboUcally 
just as two simple sums: 

l^il<i2^n ii = l *2— J3 12=^3+1 

SO that the sum in question expands as: 

i3— 1 n 
ii = l i2=i3+l 



n=j3 



Applying this formula, we may finish the computation of the three sums mentioned 
above and they are equal to: 



— 1 " i2-l 

!1=1 »2=J3 + 1 »1=1 «2=i2 + l 



n 

il = l i2=Jl + l 

As a result, we may explicitly characterize the condition that <i> be a 2-cocycle, 
stating the initial hypothesis for self-contentness reasons. 

Proposition 10.2. Let g be an r-dimensional Lie algebra over K, let g_ C g 
be a proper n-dimensional Lie subalgebra with 2 ^ n ^ r — 1, and let 
xi, . . . , x„, x„+i, . . . ,Xr be a basis o/q, its first n terms xi, . . . , x„ simultaneously 
constituting a basis of Q- so that the x*^ A x*^ ® x^ with 1 ^ ii < 12 ^ n and 
k = 1, . . . ,n,n + 1, . . . ,r make a naturally associated basis for A^g!L ® Q- Then 
a general 2-cochain in A^gl g; 

r 

l^ii<i2^n k=l 

having arbitrary undetermined coefficients is a cocycle, namely satisfies 

= 0, if and only if the following r (g) linear equations hold: 

r 

= X] (4l,fe ';*j2,i3 ~ 42, fe <^jl,i3 + 43,* <^jl,i2) ~ 

is — 1 '•t j2 — 1 

n Jl — 1 n 

- I] S',i3 4,»2 - I] S.2,i3 4,.l + Y Sii3 4,»2 

»2=i2+i n=i i2=il + l 

(1 ^ ii < i2 < is ^ »i ; ' = 1, ■■■ 1+1, ■■■,'■), 

where the ^ are f/ie structure constants: [xj, x^jg = X^^^^ ^ Xg. 
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10.7. Basis for 1-cochains. Now, we want to characterize, in terms of the struc- 
ture constants of g, the condition that the 2-cochain identifies to the differential 
d^"^ of a 1-cochain ^ G ^^(g_, g). Let us therefore write down such a general 
1-cochain: 

r 

l^i^n fc=l 

as being the linear combination, with arbitrary coefficients tpl. G K, of the n ■ n 
basic 1-cochains: 

which clearly form a basis of "^^(g., g) = gl (S) g over IC. 

10.8. Boundary of a basic 1-cochain. Applying the definition (|42l) . the differen- 
tial acts as follows on such a general 1-cochain: 

Applying this formula to the basic forms, we may compute for any two indices 
ji, j2 with 1 5^ ji < J2 ^ 

(9^(x* (g)Xfc))(xji, Xj.,) = [xji, (Jj^Xfc]^ - [xj2, (5}^Xfc]^ -X* (g)Xfc(^ ^ cj^^^Xs) 

r 

^ 5Z ^= ( ~ Jl "^^2 + ^fc J2 "^Jl ~ Cjl J2 ) • 

s = l 

This means that we have obtained the following representation of the differentials 
of all basic 1-cochains: 

r 

(x* 55 Xfc) = E 4 ^ >^^2 ® X- ( - 4,n^2 + 4,, A - ''kn^k) 

(l^i^n; k = l, ...,n,n+l, ...,r). 



10.9. Boundary of a general 1-cochain. Thanks to these formulas, we may then 
compute d^"^ by linearity: 

r 

r r 

= E E ^fe E E ^ ® X, - Cfeji5], + c^.,j2 5]i - c}^ j2(5^) 

= E E ^ ® X J ^ ^ - VfeCfe ji (Jj^ + V-fcCfc j2 '5ji - 'tplc]^ j2 j 

l^il<J2^" s = l ^ l^i^n fc = l ^ 

r ^ r r \ 

= E E Xj*i ^ ® xJ - ^ c^-,ji + E ^fe'cfcj3 - ^ ^^c}i,j, j . 
As a result, we may explicitly characterize the condition that $ be a 2-coboundary. 
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Proposition 10.3. Under the assumptions of Proposition [7ft2] a 2-cochain: 

r 

l^ii<i2^n k=l 

is the boundary $ = of a 1-cochain: 

r 

l^j^n k=l 

if and only if all its coefficients (pf^ are uniquely determined as the following 
linear combinations of the ip'.: 

r r 

^kh = - E ^fc'c^ji + E - E ^^4i,.2 

k=l k=l l^i^n 

(1 ii < J2 " ; s = 1, ... n, n+1, r). 

10.10. Combinatorial assumptions for a general grading. Now, we want to 
show that the complexity of cohomological computations splits when the linear 
system of equations considered above may be decomposed as a direct sum of 
blocks of linear systems in smaller dimensions. The typical and quite general case 
where such a spUtting is available holds when g is endowed with the supplementary 
structure of a grading in the sense that g, viewed as a vector space, writes down as 
a direct sum: 

g = e • • • e 0-1 e 50 e 51 e • • • e 0b 
= 0^ 

of nonzero vector subspaces g^, where a ^ 1 and 5 ^ are certain integers, when 
one assumes that: 

[Skl, 0fe2]g ^ 0fel+fc2) 

for all ki,k2 G after prolonging trivially 5^ := {0} for either k ^ —a — 1 or 
k ^ b + 1. In this setting, one naturally considers: 

5_ :=0_ae---e5„i 

for computing the second cohomology H^{q-,q) in the sense of the preceding 
sections. As before, we shall denote: 

r := dimK and n := dimjc g_. 

Working abstractly and in full generality, we shall not assume that g_ is gener- 
ated by g_i in the sense that g_i_i = [g^i, 0-i]g for alH = 1, . . . , ^ — 1, an 
assumption which, however, comes naturally in Tanaka's theory of graded differ- 
ential systems. 

Now, we need more notation. For any k with —a^k^b, each g^ has a certain 
positive dimension, call it: 

d(k) ■= dimiK Qk, 
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SO that one naturally has: 

r = df_a) + ■ ■ ■ + + (i(o) + + h 

n = d(^^a) H h 

Let us introduce, for each k with —a ^ k ^ b, w ai^bitraiy fixed basis: 

of the K-vector subspace of g. The lower index k refers to the graded part g^ to 
which all the x^!= belong, for = 1, . . . , Accordingly, because [g^^, g^ajg C 
g/c^+fcj, the structure constants of g are of a certain specific form such that: 

'i{fci+fe2) 
i'=l 

Furthermore, one may adopt the convention that c^^^'*!^* = whenever one does 
not simultaneously have —a ^ ki, k2, ki + k2 ^ b, 1 ^ ii ^ c^(fci)> 1 ^ «2 ^ c?(fc2) 
and 1 ^ c?(fci+fc2)- 

10.11. Splitting of cochains, of cocycles, of coboundaries and of cohomolo- 
gies according to homogeneity. Each vector space '^^(g-,g) naturally splits 
into a direct sum of so-called homogeneous cochains as follows: an £-cochain 
$ G ^^(g_, g) is said to be of homogeneity a certain integer /i € Z whenever for 
any i vectors: 

G gfci, , e gfef 

belonging to certain arbitrary but determined g -components, its value: 

belongs to the (ii + • • • + + h)-th component of g. In fact, one easily convinces 
oneself that any ^-cochain $ € "^(g-jg) splits as a direct sum of ^-cochains of 
fixed homogeneity: 

$ = ... + $['^-1] + $W + ^[h+i] _^ ^ 

where we denote the completely /i-homogeneous component of <I> just by <I>['*1. In 
other words: 

<^^(g_,g) = 0'r[l](g„,g), 

hez 

where of course the spaces '^[^](g-,g) reduce to {0} for all large \h\. Further- 
more, applying the definition (|42] |. one verifies the important fact that respects 
homogeneity for all ^ = 0, 1, . . . ,n, that is to say, for any /i € Z, one has 
^^(^[1]) '^[1^^' whence the complex (1431 ) splits up as a direct sum of complexes: 

92 Qn-2 Qn-1 gn 

\ \ \ ■ ■ ■ ) '^'""-^ ) \ 

indexed by /i G Z, where d\^^ naturally denotes the restriction: 

%] — ^ • ^[h] ^[h] ■ 
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Consequently, one may introduce the spaces of h-homogeneous cocycles of order 
t 

ifjl](0_,0) :=ker(af,]:^[l]^^[lf), 
together with the spaces of h-homogeneous coboundaries of order £: 

Definition 10.4. The quotient space: 

is called the /i-homogeneous £-th cohomology space of 0_ in 0. 

In the sequel, we will mainly be interested in showing how to compute h- 
homogeneous second cohomologies: 

so that the task of computing the full cohomology spaces: 

^'(0-,0) = 0^[i](0-,0) 

requires to deal with vector (sub)spaces of smaller dimensions. 

10.12. Collecting 1-cochains and 2-cochains according to constant homogene- 
ity. In terms of the bases x;^' for 0„ and Xj^ for 0, the collection x^'* ^ x^ where 
—a ^ I ^ = 1, • • • , and where —a ^ k ^ b, = 1, . . . , makes 

an obvious basis over K of the space 1-cochains. Similai^ly, the xf^^* A Xj_|^* (g) x^'', 
where either —a ^ li < I2 ^ —I or li = I2 but 1 ^ ji^ < ji^ ^ di-^ = di^, makes 
too a basis over IK of the space of 2-cochains. Thus, if we mind the fact that any 

double sum Yll=-a Sife=i ^^^^ written without mentioning that the sec- 
ond index i = ik depends upon the first index k (provided the order of summation 
is not permuted), it follows that a general 1-cochain G '^^(0_, 0) and a general 
2 cochain ^ G '^^(0_,0) write, in terms of these natural bases, as the following 
linear combinations: 

<i(l) b '^(k) 
—a^l^~l j=l k=—a i=l 

^ = E E E E E xr A ^ 4+ 

— a^h<i2^^— 1 ji=l ^2=1 k=—a i=l 

+ E E E E<^."xrAxr0 4, 

l=~a l^j' <j" <,d(i) k=-a i=l 
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where the -0. and the (f)'. are arbitrary constants in IC. However, we must at first 
improve such a preliminary representation. 

The homogeneity of any basic 1-cochain x;^* ® and of any basic 2-cochain 
x;^^^* A x'^^* ® xj, is clearly given by: 

homogeneity (x;^* (g) xj,) = — Z + /c, 
homogeneity (x;^^^* A x\^* (g) x^) = —li — I2 + k, 

so that minimal values and maximal values of homogeneities are equal to: 

1- cochains ^ : — a + 1 ^ homogeneity ^ a + b 

2- cochains ^ : — a + 2 ^ homogeneity ^ 2a + 6. 

Thus, if we denote by the letter h the homogeneity of a cochain, in order to split 
our two cochains: 

a+b 2a+b 

^r= and ^'''^ 

h=-a+l h=-a+2 

as cochains having constant homogeneity h (for any h £ Z), and if we introduce 
the following two sets of integers: 

A'fl := {{l,j) e Z X N: - a < Z -1, = l,...,ci(i), -a < / + /i < 6}, 

a'^I :={(/i,ji,Z2,j2)eZxNxZxN: 

-a /i ^ -1, ji = 

, ^ . ^ J ' ^a^h+h + h^b}, 
- a ^ /2 < -1, J2 = 1, • • ■ ,a(i2)j 

we can expand ^^'^^ for -a + 1 ^ /i sj: a + 6 and ^[''l for -a + 2 < /i sc: 2a + 6 as: 

(i,j)eAti ''=1 

('l.31.'2.J2)eAl^' 
('l.Jl)<lex('2.J2) 

where <iex {h,j2) means either li < I2 or li = /2 but ji < j2. 

10.13. Boundary of /i-homogeneous 1-cochains. Thus, fix a homogeneity h for 
a 1-cochain with — a + 1 ^ /i ^ a + 6, let (/, j) E a'^*^, let also ^2, J2) G ^^2' 
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and compute the boundary of an arbitrary basic /i-homogeneous 1-cochain: 

(xf * ® xi+,) (xf^ , x^l) = [xil , (xf ® xi+,)(xf| )] ^ - [x^l , (xf ® xi+,)(x^^ )] ^ - (xf ® xI+,0 ( [xf^ , x^^] J 

''(il+i2) 
fc=l 

dll+i + h '*(!2+i + fi) 

^'^'2'^i2 X] '^Ii,'!+\xfi+i + h - (^ii^jj ^ '^2^'^'+'l^'2+^ + '^ ~ ('^il+i2'^iy2^''') ^i + h 
fc = l fc = l 

''(!l+!2 + 'i) 

In other words, we have obtained the following representation for the differential 
of any basic /i-homogeneous 1-cochain: 

('l,Jl,'2.32)eA[^'' 
('l.Jl)<lex('2.32) 

■AT r\AT ®A+l2+h (O,0e<l, « = l...d(, + ^)). 

Now by linearity, we can compute the boundary of a general /i-homogeneous 1- 
cochain: 

(ij')e4''l »=i 

- E E ( E E 

(iiji,i2J2)eAfl *^=i (i,j)e<l 

Proposition 10.5. Under the above assumptions, an arbitrary h-homogeneous 2- 
cochain: 



fc=l 

('lJl)<lex('2>J2) 



with —a + 2 ^ h ^ 2a + b is the boundary $[''1 = d^^'^/^'^^ of a h-homogeneous 
1-cochain: 



*^''= E E <rxr®xi^. 



if and only if its homogeneous degree h satisfies in fact —a+l^h^a + b and 
tli+h+hjk 

ih,jl,l2,j2) 



if all its coefficients (j)}.'^^^^.^''^. are uniquely determined as the following linear 
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combinations of the tp'.: 

a,i)6Afi i=i 

10.14. Boundary of /i-homogeneous 2-cochains. Next, for any h with — a + 2 ^ 

h ^ 2a + b, for any {h^jiM^h) € for any A; = 1, . . . , d^i^j^i^j^^) and for 
any {I'l , j'l , ^2 , j'2 ^^sJ's) ^ ^If' ' belonging to the set: 

^3^ ■■= {ili,jiJ'2,j'2,l'3j3) GZxNxZxNxZxN: 

- a < Z'l s; -1, ji = 1, . . . 

- a < ^2 sS -1, j2 = 1, • • • 

- a 5? ^3 sS -1, ja = 1, • • ■,d(i'^), -a l[ + 12 + I'i + h b}, 

by applying the definitional formula (02]), we obtain the value of the boundary of a 
basic 2-cochain: 

^wWr^x"* ®>^^+'2+.)(4,x|,x|) = [x^i, (xf- Axff®x!;+,,+,)(x|,xfp]^- 
- (X-* AX-* ® x;;+,,+,)([x^J,x|]^, x|) + (X-* Axff ®x!;+,,+,)([x;i,x|]^, x|)- 
-(x-*Ax-*®xJ;+,,+,)([x|,x|]^,x;i). 

Let us focus attention on terms at the first and fourth lines, since other terms are 
obtained by obvious permutations of triples (^21^2)1 ('s'is))- The term in 

the first line continues as: 

[x^i, (x^r ^x^f 0x!;+,,+,)(x|,xf)]^= [x^i,<5;/5jM;?5j|x,,+,,+^^ 

'*(!'j+il+!2 + h) 

^ ^2 J2 '3 is ^ "^Zi.ii + ia + ftXii + ia+i'i + h 

s = l 

■^(i'j+i^ + i^ + h) 

/L^ \ J2 '3 ^3 ii,'l+;2 + 'V 'l+'2 + '3 + " 

s = l 

The term in the fourth Une continues as: 

-(x--Ax-*®x;;+,,+,)([x^J,x|]^,x|) = 

= -(x-*Ax-*®xU2+.)( x|) 

^ 3 = 1 ' 

V ^ 'l+'2 '3 'l>'2 '3 J3 'l + '2 'l.'2 V (i+(2+'3 + '' 
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Finally, bringing back the two pairs of temis left above which are obtained by 
simple permutations, we obtain the value of the boundary of a basic 2-cochain: 



af5„(x-*Ax-*®x;;+,,+,)(x^^,x;?,x;?) = 

= V f S]} 5'.] Slj 5':j cf/f 1, - 5\} 5'.] 5\J 5':j cf?'f 1, + 5\} 5'.] 5^^':^ cfff 1, 

/ ' \ '2 It '3 ^3 'i,'l+*2 + h l\ Ji I3 J3 l2,ll+h + h l\ j[ j'j (3,;!+' 

s = l 

-5'}d'}5';r^,, 4f''^ ~5\}^,,5\JPJ cf'?-'^ +S]}5'.}S\J^,, cf?'f)'''l ) xf, ,,,,,, 

'2 J2 'l+'s 'l-'s '2 + '3 n J\ ^'I'^S "1 Jl '2 + ^3 '2-'3 ^ / Ij+lj+lg + n 

Equivalently: 



l+i2+'l~'~ 



'*(i'l+i2+'3 + '>) 



;^,il+i2 + h~'~ 



9N(x/rAxi=*®xf,+,,+,)= E E 

{''i.j;.'i.i2.'3.J3)e4''' '"^ 

V '2 J2 '3 J3 'i,'l+l2 + '» '1 Jl '3 J3 i2''l+'2 + n '1 Jl '2 J2 '3''l 

^ C ^1+^2 ^^5 J^ ^l^^2 ^3 J3 ^i"^^2 ^l'^2 ^1^"^3 ^2 J^ ^l'^3 

-5;?<5^m;?^,, c;/';^'^^ -5;^ ,,5;?5^?c;?';:^'^^ c;?f '^^i)x;/* ax;?* ax;?* ®x; 

2 -^2 1~'"3 1'3 2''~3 1 ^1 2'3 1 -'l 2~'~3 2'3 / 1 2 3 

Now, by linearity, we deduce the boundary of a general /i-homogeneous 

2-cochain and this yields the following statement. 

Proposition 10.6. Under the above assumptions, the boundary of a general h- 
homogeneous 2-cochain: 

^[h] _ \^ Sr^ ,h+h+h,k jl* j2* ^ k 

(ii,Ji,i2>i2)eA^''l ^=1 

('l>Jl)<lex('2>i2) 

where h satisfies —a+2 ^ h ^ 2a+b which has arbitrary coefficients (jji^^^^J^-^ G 
IfC, is a cocycle, namely satisfies = Sp^j'^t'^l, if and only if all the following linear 
equations hold: 

Y '2 J2 '3 J3 'l>'l+'2 + 'l '1 Jl '3 J3 l2,'l+'2 + '» '1 Jl '2 J2 '3>'l+'2 + '» 

(2l,jl,i2.32)eAL''' 
('l.Jl)<lex('2.J2) 

L L-^-\-L2 '3 ^3 'i;'2 3 ■'3 i'2 ^1'''2 ""l '^''3 ^2 -^2 ^l'^3 

"2 J2 "l+'s 'l""3 '2+'-! "1 Jl '2''3 "1 ^1 '2 + ^3 '2''3 ^ / 'l'Jl''2>J2 

Further considerations accompanied with an algorithm using Grobner bases may 
be found in |jTl. 
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